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ABSTRACT

In paper considered the method of constructing moment equations for random solution of systems of nonlinear differential
and difference equations, the right part of which depends on the stochastic process. Torque equations are constructed in
the presence of jumps in solutions. For a system of differential equations with random coefficients, the case when the
heterogeneous part of the system contains random processes such as white noise is considered.

The ideas of A.M. Kolmogorov and V.l. Zubov on the analytical definition of random processes have been developed. In
particular, non-Markov processes are investigated, which are determined by systems of linear differential equations with
a delay in the argument.

With the help of stochastic operators, fundamentally new results were obtained for non-Markov random processes, from
which the main known results for Markov processes emerge. Methods and algorithms of analytical determination of
finite-valued and infinite-digit random processes are proposed.

The methods of studying the behaviours of the matrix of the second moments of some important classes of stochastic
systems of equations are given because many optimization problems are reduced to the minimization of such a matrix.
The substantiation of difference approximation for solving some types of differential equations used for the numerical
solution of problems is carried out.
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INTRODUCTION

In modern applied studies, probabilities models are widely used. Among such models, classes of
systems of ordinary differential and difference equations are practically important, the coefficients
of which are random processes. Therefore, the study of probability models led to the creation of
various current directions in the theory of stability and the closely related theory of optimal control

of random processes.
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The theoretical foundations of sustainability research for systems of differential equations with random
processes were initiated by A.M. Kolmogorov. In the future, the approaches of A.M. Kolmogorov developed
in their works D. Bertrand, Ghichmann, V.l. Zubov, M.M. Krasovsky, V.S. Korolyuk, I.M. Stratonovich, Ito,
A.M. Tikhonov, D.G. Korenovsky, V.B. Kolmanovsky, R.Z. Hasminsky, A.V. Skorokhod, I.E. V.Y. Valeev,
G.M. Milstein and others. The works of most researchers are based either on the study of the Fokker—Planck—
Kolmogorov type equation and the probabilistic properties of solving stochastic differential equations, or on
the analysis of momentary equations followed by the application of O.M. Lyapunov's methods.

The developed theoretical, methodological and applied recommendations of this dissertation
make it possible to expand the modern mathematical apparatus for optimizing dynamical systems in
conditions of uncertainty and conflict situations. In particular, a number of problems related to

political technologies, and banking are solved.

METHODOLOGY
The paper uses a mathematical apparatus of the method of momentary equations, methods of
functions and functionals of Lyapunov, general theory of random processes, theory of differential,

difference and integral equations.

RESULTS
On a probabilise basis (2, 3, P, F = {F;,t = 0}) consider the system of stochastic differential equations
dX(t) = AX(t)dt + Bdw(t) (1)
With initial conditions X(0) = ¢(w), ne w(t) = w(t, w):[0,7] X 2 - E — Winer random process,

A,B — some matrices on dimension m X m, a ¢(w) — random variable with its distribution law Fy (x).

Theorem 1. The matrix of second order D(t) = (X (t)X™(t)) of strong solution X(t) = X(¢t, w) system

of equations (1) satisfies the equation

dD(t) _
dat

The solution of the system (2) is based on the formula

AD(t) + D(t)A* + BB*. )

A*(t-s)

D(t) = e*D(0)e"t + [] A9 BB*e" Vs, @3)

If lim e4t = 0, then we obtain the value of matrix D = tliT D(t) from formula

t—>+oo
— (At * , A%t
D = [ e BB*e”tdt.

Proof. 1 algorithm. The auxiliary system is considering

PO = ax () + BE(©),

here &, (t) — Markov process, with value ++v/2 and probabilities
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p1(t) = P{w:f(t) = \/I},pz(t) = P{w:f(t) — _\/z},

Which satisfied the system equations?

U = Apy () + Ap(6), B2 = 2, (8) — A, ().

Now constructing the system of moment equations

df‘/;1t(t) — AMl(t) +B- 0’5\/2 — )LMl(t) + /’lMZ(t)v

dIV(Iizt(t) = AM,(t) — B - 0,5V + AM; (t) — AM,(t), M, (0) =0 k=12,

From this system we find

(M (6)+M,(t)

dt =AM, () + MZ(t))’Ml(t) + M,(t) = 0.

For particular moments we have next system

dD4(t)

o= = ADy(t) + Dy (©)A" = ADy(£) + AD,(£) + AM; ()VAB™ + BVAM; (t)A" + 0,5BB",

dD,(t)

= AD,(t) 4+ D,(t)A* + AD,(t) — AD,(t) + AM,(t)VAB* + BAM;(t)A* + 0,5BB*, D, (0) = 0.

D(t) = (X(©)X"(t)) = D;1() + D,(t)
We obtain matrix equation (2)

2 algorithm. From formula Ito [6]

X(t+dt) =X(t)+dX(t) + %dZX(t)+. L=X() + (AX(H)de + Bdw(t)) +

1 3
+§(A(AX)(t)dt + Bdw(t))dt+. L=X(t) + AX(t)dt + Bdw(t) + 0 ((dt) /2).
X(t+dt) =X"(t+dt) =X@O)X*(t) + AX()X*(t)dt
+X()X*(t)A*dt + X(t)B*dw(t) = BX*(t)dw(t) + BB*(dw(tl))2 +

+0(dt)*/2 = AD(t)dt + D(t)A*dt + BB*dt + 0(dt).
If dt — 0 obtain (2).

Rewrite system (1) in form

O = Ax(0) + Bo(®),

v(t) — white noise. If Re 4; (4) < 0 we find solution
X(t) = [ eAtD By(r)dr.

And for matrix second order we have:

D(t) = (X)X (1)) = < f teA(t‘T) Bv(t)dt X j tB*eA*(t‘S) v(s)ds>
0 0

t t
= f eAlt-7) BB*dTJ. e t=9) §(t — 5)ds =
0 0
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t t
=f eAt-0 Bpret (t-Idr = f e’” BB"e" "dr.
0 0

Then true (3). If tliT e4t = 0, then from equations (2) we have the value of matrix D(t) at t — +oo.

Theorem 2. /[na cucmemu neninitiinux oughepenyianbhux CrmoxacmuyHux pieHsHb
=¥(6,X(©) + (6, X(0)v (D), (4)
where v(t) — white noise the system of moment equations has kind

= [, P& 6y, h)dy,

DD = [ (PEyy +y¥(Ey) + 2N (EY)f Y,y (5)

Proof. System (4) we rewrite in Kind [1]
dx(@®) = ?(6, X(@®©)dt + (¢, X())dw(0),

dX(t)

dM(t)

At first we prove that the system
Xirr = Xi + W (ti, Xi) + ENVID(ty, Xp), tie = kb, (k=0,1,2,...) (8)
Defined difference approximation for the system equating (4), me &, — have value

+1 with probability p; = p, = %:

x =T(t,y,vh),T(t,y,Vh) =y + Vho(t,y) + h¥(t,y) (9)
If 4 > 0 expression (7) has inverse transformation
y = S(¢t,x,vVh), (10)

D¢>(t x)

S(t,x,VE) = x = Vh(t,x) = WP (t,x) + h 222 (1, x) + 0 (h72).
If h = 0 Jacobian of transformation (9), (10) not equals 0 at all Y i X, therefore

DT

LI CE A0 e F CEA) B
Dy Dx

tim [I7(e, v, B = o, tim [15(e V)| = e

Iyl >0

Let f(t ,x, h) - density of X,. The system equations (4) defined the solutions f (¢, x, &)

e+ ) = (e 5(e e T 1) - et S ¢

as(tx,—Vh
+ %f(t, S(t,x, —vh), h) |det %|

f(tx—\/_d)(tX) h (¢, )+hd¢(tx)d)(tx)+0(h/z) ):

= f(t,x,h) + f( ( Vho(t, x) — h¥(t, x) +
+d¢(t’x)q>(t,x)>+ Zhot (¢, )—(M> (t,x) + 0 (h’2).
dx dx
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And
det DS(tx\/_) — de t(E \/—Dtb(tx) thI'(t,x)_I_
Dx Dx
Do (¢, Do(t,
h—(Jqﬁ(t, x)) +0 (1) = det <E - \/Zﬂ> x
Dx Dx

DY (t,x D (Dd(t,x) 3/
— _ - 2
xdet(E h—- )det E+th( oy <D(t,x)>+0(h ) .

Calculating determinants value

det (E— h2222 = 1 — psp 2282 4 o(42) =

=1— hdiv¥(t,x) + 0(h*);

det <E + h%(%;’%(t, x))> =1+ hSpD%(%;’%(t, x)) +0(h?).

If
Do(tx)\ _ 3
det(E—\/ZT) = 1—a\/z+ﬁh+0(h /2)
then
det (E + ﬁ%) =1+ avh+hB+0 (h3/2),
where
a=3Sp —Dq:’D(;’x),
1 po(tx)\2 1 Do (t,x)\?
B :E(Sp Dxx) —ESP( Dxx) '
det (E —VinZ222) (£ + i D“’D(;"‘)) =1+ h(2f — a?) + 0(h®).
DO(t,x) Dd(tx) Dd>(t x) Dcp(t x) _
=1+ h(2p — a?) + 0(h?).
and

DS(tXN/_) =1 —Vhdivd(t, x) — hdiv¥(t, x) +

+;(divd>(t, %)’ +g Z (ad’k(t X) 0¢s(6,2)

Dxg 0xy,

k,s=1

oJoR
;; (; %) br(t,x)) +0 (h3/2).

where ¢, (t,x)(k =1,..., m)—coordinate of vector @ (¢, x).
ft,x) = —iirgf(t, X, h).

This equation coincides with FPK
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af (t,x) af (tx)Pr(tx)
e e (A CE I X CEIVICES)]

In general case
U — T (O (6,2)) + 5 T 5 (bas(6 0F (£,0),
a(t, )k =1,...,m) , b (t, x)(k,s = 1,...,m)
Find from formula
@ (t, ) = limh™ e (t + h) = 1. (O1X () = x),
bys(t,x) = i%zh‘l((xk(t +h) — x,.(0) (x5 (¢ + h) — x5(O) X (@) = x)(k,s = 1,...,m).
From system equation (6) we find
a,(t,x) = %%h‘l(skﬁ¢k(t, x) + hop (t, %)) = pr(t, %),
bies (£, ) = Limh™ (g Vhepi (8, X) + §Vheps(t,2)) = (8, )b (2, ).

We proved first part. And now we will find moment equations.
From (9) find
fEm yy*f (t +hy h)dy = %fEm T(t,y,Vh) T*(t,y, h)dy + %fEm T(t,y,—Vh) T*(t,y, h)dy,

or

D(t+h)=%f

Em

+(y+ 19 y) = Vi) O + W (6,y) = Vio" (6,)f (¢, y, W)dy.

<(y + (L, y) + Vho(t, y) (y* + WP (t,y) + Vho'(t, y)))) +

Then
D(t+h)= (yy* + hy?*(t,y) + WP (t,y)yy" + h@(t,y)®*(t,y) + hz'P(t, V¥ (t, y)) f(t,y, h)dy.
Em

and fE yy*f(t,y,h)dy = D(t), then » — 0 we have equations (5).m

Lemma 1. For the system equation
dX(t) = AXdt + BXdw(t)
The system (5) transformed to system

240 — AD(t) + D()A" + BD()B".

Lemma 2. For the system equation
dX(t) = AX(t) + BdAW(t),dim X (t) = m,dim W (t) = p,

(AW (t)dW*(t)) = Rdt,dimR =p X p,
The system of moment equation has form

an(e)

-2 = AD(t) + D(t)A" + BRB".
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IfReAj (A)<0( =1,...,m), 10
D = limD(t) = Jo e** BRB*e*'tdt

Theorem 3. For the system equation
dX(t) = AX(t)dt + BX(t)dw(t),

Matrix equation D(t) = (X (t)X*(¢t)) have next form
2 = AD(H) + D(t)A" + L BBD(t) + BD()B" + 2 D(t)B"B".

a
Proof. 1 algorithm. Now constructing next equations

X(t +dt) = X(t) + dX(t) + %de(t)+. L=
= X(0) + (AX(t)dt + BX(£)dw(1))

+ % (A(AX(D)dt + BX(t)dw(t))dt +B(AX (t)dt + BX(©)dw(¢))dw(t))+...=

= X(t) + AX(t)dt + BX(t)dw(t) + %BBX(t)(dw(t))z +0((ar’h2).

Then
(Xt +do))X (t+dt) =(X@®)X"(t) + AX(O)X*(t)dt +

2 * * * 2 1 % 2
+X(®)X2(t)A*dt + BX(OX*(t)B*(dw(t)) +§BBX(t)X O (aw(D)” +

1 2
+ Ex(t)x*(t)Bﬂ?*(dw(t)) +0(d0)).

And we have matrix D(t).

2 algorithm. Considering auxiliary system of equation

d’;_(tf) = AX(t) + BX(t)&,(t),

Where &,(t) — Markov process, which has value ++/1 with probability
p1(t) = P{w: §(8) =V}, po(8) = P{w: §(t) = —V2},
And its probability satisfied the system equation

2D — Apy (8) + App (0, 222 = ap, (6) — Ap, (0).

At 1 - +o0o random process £(t) touch to Winer process. For particular moments second order
D, (t), D,(t) we obtain the next system of differential equations

21 = (A+ BVI)Dy + Dy (A" + B*V) — AD, + AD,,

% = (A - B\/)_L)Dz + DZ(A* - B*ﬁ) + AD; — AD,, D, (0) = 0.

After replace
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D(t) = D1 (t) + Do(t), V() = D1 (t) — D,(t)

obtain
i—‘t’ = AD + DA* + VABV + VAVB*,
Z—‘t’ = AV + VA* +VABD +ADB* — 2)V.

Parameter A touchto +oo, therefore we have
V= % (BD + DB*) + 0(A72).

And used V, obtained at A — +o0 equations (4) for matrix D(t).

Comments. The formula (4) differs from the formula (1), although the same system of stochastic
differential equations were considered. The fact is that different definitions for the dX(t) differential were
actually used.

Theorem 4. For the system equation

dX(®) = ¥(t, X(©)dt + &(¢, X())dw(0),

The system of moment equation has form

= (pex@) + 325 o x )

‘“;—f) = (X" (£, X)) + ¥ (£, X(£))X* () + & (£, X(1))* (£, X(£)) +
1 . Do*(t,X(t)) 1DP(t,X(¢)) .
+§X(t)<;b (tX@®) P R (6, X(0)X* (D).

Proof. Introduce auxiliary system of differential equation

ax(t)
PO — (e, X)) + (6, X©)E (2, D),

where &(t, 1) — Markov process which has two values ++/1
with probability — py () = P{&(t) =V}, p,(t) = P{&(t) = —V2}.
Let’s this probability satisfied the system equation

dpd;t(t) = —Ap,(t) + Ap, (), dpdzt(t) = Ap;(t) — Ap,(2).

If A - 400 random process &(t,A) touch to Winer process. Now found system of equation for
f(t,x,A) strong solution of system (18)

afl(g,tx, D i (fl(t, x, 1) (¥t ) + Ve, x))) LA (6 0) + A, ),
of, (;,tx, D (fz(t, x,2) (¥t 0) +Ve(t, x))) + Afi(t,x, ) + Af (6%, 7).

flt,x,A) = f(t,x, 1) + fo(t,x,A),v(t,x, 1) = f1(t, x,A) — f,(¢t, x, A).
For function f(t, x1), v(t, x, A) we obtain

af(tx,A) . ;
—;t = —dlv(f(t, x, VP(t, x)) — \/)_Ldlv(v(t, x, )P(t, x)),
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av(txl)

o dlv(v(t x, H¥(t, x)) \/_dlv(f(t x, M)P(t, x)) —2Av(t, x, 7).

From second equation we have
v(t,x, 1) = %div(f(t, x, D)@ (t,x)) + 0.
atA - 4oo

ft,x) = lim f(tx,A), D = —div(F (6, )P (L, %)) + > div (div(F(t, )P (t, 1)) (t,2)).

This is equation FPK.

We found the system of moment equation
1
X(t+dt) = X(@©) +dX(©) + 5 d*X(O+...= X(©) + (‘P(t,X(t))dt + <D(t,X(t))dW(t)) +

1 /0% (t, X)t) D¥(t,X(t))
*3 <— de® + T(

o (¢, X(t))dt + cb(t,X(t))dw(t)) dt) +

L1 0o(t, X(1)) e+ Do(t, X(1))

2\ o S (P(6X©)de + 6(6,X(©)dw(®)) | dw(®) = X(©) + ¥ (6, X(©)dt +

+@(t, X(t))dw(t) +% &d)(t X(t))(dw(t)) +..
We obtained M(t) = (X(t)) and D(t) = (X(£)X*(t))

diZEt) <'1’(t X)) + I—Dd’(tx(t)) o(t, X (t))>

dD(t)
dt

=(XO¥* (X)) + Pt XO)X @) + o(t, X(©)) - 2*(t, X (1)) +

+ X (6, x(0) 22D | 1000XO) ¢ x(r)) -X*(t))..

DISCUSSION
On the basis of this formula, numerous problems of the theory of automatic control are solved, the theory of
filtration and observing is constructed. Using this formula, they look for optimal control, minimizing

dispersion, and build a linear stochastic control theory.

CONCLUSION

The moment equations for practically important classes of stochastic equations are obtained. Usually of
interest is the question of the behaviours of the matrix of the second moments. solutions of the systems in
guestion, because many optimization problems are reduced to minimization of

such a matrix solutions of the systems in question, because many optimization problems are reduced to

minimization of such a matrix.
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