tween a supply and demand of a labour. The active state policy on a
labour market is expedient for sharing in view of distinctive elements
and the reasons of occurrence of existing disproportions which de-
mands the differential strategic approach. All these problems it is pos-
sible to solve in the different ways, and one of them, — use of the
complex approach to a statistical estimation of functioning of a labour
market in regions of the country.
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MODELS OF HOUSEHOLDS'’ IN THE SLOVAK REPUBLIC

1. Introduction

The article includes the methods and the results of the statistical
analysis and modelling of distribution of incomes of households in the
Slovak Republic in 2002. INPUT empirical data are the sampling data
about the yearly real net income of 1563 households, found by Statis-
tical Office of the Slovak Republic. Empirical distribution of sampling
data and its description is the basis of the modelling of the probability
distribution of the household incomes.

2. Graphical analysis of the sampling data

The first step of the data description is graphical analysis. We will
analyze the variable X (CP) — net income of household in the Slovak
Republic in 2002. Before we can sensibly model a set of data, we need
to have a clear perception of it, otherwise, we will find ourselves im-
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posing our views of how it ought to behave, rather than finding out
how it does behave. The best way to develop this perception and feel
for the data is graphically, with the support of some numerical sum-
maries of the properties seen on the graphs. Let as look at a set of data
to illustrate a number of different approaches.

The original data x has been sorted by magnitude. This is a funda-
mental step in the types of analysis that will be developed in this arti-
cle. With each ordered value, x, we will associate a probability p, in-
dicating, that the x lies in proportion to P, of the way through the data.
At first guess, we would associate the ' order observation, denoted
by x.), with p,=r/n, n=1,2,..,1566 . The range of values we would

expect for p is (0,1), The value of 7/ 1 goes from 1/1566 to 1, i.e.; it

is not symmetrical. Hence, to get the p values symmetrically placed in
the interval (0,1), we use the formula p, =(r—0,5)/n. This formula

corresponds to breaking the interval (0,1) into 1566 equal sections and

using the midpoint of each. Thus, we have pairs of values describing
the data as (x(,,), pr). The value of x for any p is referred to as the sam-

ple p — quantile.

1200 000

1 000 000

800 000 ;

= 600 000

400 000

200 000 ———
-
L
0 o1 02 03 04 05 06 07 08 09 1 1,1
p

0

Source: own calculations

Figure 1. Empirical quantile function
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Figure 2. Empirical distribution function

There are two natural plots of such data. First (figure 1), of x,
against p, (empirical quantile function) and second (Figure 2), of p,
against x(,) (empirical distribution function), which are just the same

plot with the axes interchanged. However, a look at these plots shows
that different features stand out more clearly in different plots. The
difference in slope, between high values and low values of x, looks to
be a much more natural feature of the data.

s sl

0 2 4 6 8 10 12

Netlncome (X100 000)

Figure 3. Box plot of household’s income

82



The fact that the length of the right «whisker» is approximately
twice as long as the left one, and 29 high values, two of which exceed
even the level of three times the quartile range, give a clear evidence

of a long right tail of the distribution.

400_—
300 F 77
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2 200F 7,
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100 f
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(X 100 000)

Figure 4. Histogram of household income

Frequency histogram of empirical distribution (Figure 4) proves
the conclusions obtained from the box-and-whisker plot. It clearly
shows a cut off bottom side of the distribution.

The quantitative expression of characteristic properties, detected in
graphs, is completed by estimation of the descriptive statistics of the sample.

Count = 1566

Average = 244284.0

Median = 237407.0

Mode =

Variance = 1.20118E10
Standard deviation = 109598.0
Minimum = 54325.0
Maximum = 1.0206E6

Range = 966275.0

Quantiles for CP

1.0 % = 65235.0

5.0 % =85176.0

10.0 % =107901.0
25.0 % = 166663.0
50.0 % = 237407.0
75.0 % =306433.0
90.0 % = 377556.0
95.0 % =432913.0
99.0 % = 584366.0

Lower quartile = 166663.0
Upper quartile = 306433.0
Interquartile range = 139770.0
Skewness = 1.04975

Stnd. skewness = 16.9592
Kurtosis = 2.99699

Stnd. kurtosis = 24.2089

Coeff. of variation = 44.8652 %
Sum = 3.82549E8

Octiles for CP

12.5 % = 125460.0
25.0 % = 166663.0
37.5 % =202124.0
50.0 % = 237407.0
62.5 % =270816.0
75.0 % = 306433.0
87.5 % =358387.0
95.0 % =432913.0
99.0 % = 584366.0

Figure 5. Descriptive statistics of the net income distribution



3. Models of the Population

We are often seeking to achieve some theoretical model that has a struc-
ture similar to that shown by the sampling data. We want to link the sample
features to corresponding features in the populations from which our sample
comes. We therefore need to turn to ways of describing a population.

We will describe five models for the random variation in population.
Our definitions kept to the case where the random variable is continuous.

1. The Cumulative Distribution Function, CDF, denoted by F(x),
is defined as

F(x):P(XSx):p

The plot of F(X) corresponds to the sample plot of p against x.
2. The Probability Density Function, PDF, denoted by f(x), de-
fines the relation

dF (x)
fle)= 2

is the derivative of the CDF.
3. The Quantile Function, QF, denoted by Q(p), expresses the p-

quantile x, as a function of p:

4. x, :Q(p) is the value of x for which p :P(X < xp): F(xp).22

5. The definitions of the QF and the CDF can by written for any pairs
of values (x, p) as x=0(p) and p = F(x). These functions are thus sim-
ple inverses of each other, provided that they are both continuous increas-
ing functions. Thus, we can also write O(p)=F"'(p) and F(x)=07'(x).
For sample data, the plot of Q( p) is the plot of x against p.

In the same way that the CDF can be differentiated to give the
PDF, we can use the derivative of the QF.
6. The Quantile Density Function, QDF, is defined as

7. q(p)z%l()p) for 0< p<1.

4. Modelling of net income of households using goodness of fit tests

8. The general conclusion from the sampling is that distribution of
the variable X— net incomes of households is skew and long tailed. We
have used Pearson y’goodness of fit test to find the suitable distribution

that can be used to describe the variation in household’s net income. The
STATGRAPHICS Plus package contains a few on the kinds of distribu-
tion, but not one of them is perfect as a probability model for the variable
X. The best of all, is the Weibull distribution with maximum likelihood

22 The first paper to systematically develop quantile functions was by Parzen (1979).
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estimation of the parameters. The results of y* test and Kolmogorov-

Smirnov (K-S) test present the table on Figure 5. Figure 6 shows the fit-
ted Weibull density probability plot, superimposed on the histogram on
Figure 4, as a result of Statgraphics’ procedure Distribution fitting.

Goodness-of-Fit Tests for CP

Chi-Square Test

at or below
50000, 0
95833,3
141667,0
187500,0
233333,0
279167, 0
325000,0
370833,0
416667,0
462500,0
508333,0
above 554167,0

50000,0
95833, 3
141667,0
187500, 0
233333,0
279167,0
325000,0
370833,0
416667,0
462500,0
508333,0
554167,0

Observed Expected
Frequency Frequency Chi-Square
0 27,86 27,86
122 96,97 6,46
143 169,90 4,26
239 225,08 0,86
256 248,72 0,21
273 237,75 5,23
233 199,73 5,54
129 148,54 2,57
72 98,12 6,95
39 57,61 6,01
23 30,07 1,66
14 13,93 0,00
20 8,72 14,59

Chi-Square = 82,2094 with 10 d.f.

P-Value = 1,84963E-13

Estimated Kolmogorov statistic DPLUS = 0,0415772
Estimated Kolmogorov statistic DMINUS = 0,0270346
Estimated overall statistic DN = 0,0415772

Approximate P-Value

0,00899895

Figure 6. Results of Goodness-of-Fit Tests
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Figure 7. Fitted Weibull density probability plot
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In K-S test, we do not reject a hypothesis of the tested distribution
on a level of significance approximately 0.01, because p-value =

0.00899895. Results of y* — test (Figure 6), high value of the statistic

x>= 82.2094 and a very low p-value = 1.84963E-13 lead us to reject
the hypothesis of the Weibull distribution. If we compare the observed
and expected frequencies, we see that the reason for obtaining such a
high value of y° is the significant difference between observed and
expected frequencies in intervals with lowest and highest incomes.
This conclusion is also supported by Figure 7.

We can try to find a flexible model of distribution which also better
models the intervals of lowest and highest incomes using quantile functions.

5. Modelling of net income of households with quantile functions

The basis for the approach to statistical modelling based on quan-
tile function models is that quantile functions can be added and, in the
right circumstances, multiplied to obtain new quantile functions.
Quantile density functions can also be added together to derive new
quantile density functions.

Using a modelling kit based on quantile function models, we have
elaborated a four parametric composite Weibull-Paretovo distribution,
denoted WPD(A,n,B,y) for further study. Its quantile function is

O(p)=2+n {(l = p)l=n(t=p)]"+p {(l _lp)y }}

kde 0<p<1,>0,y>0, )

A is the parameter of location, n is the scale parameter,  a y are
the parameters of shape. )

Using approximate generalized Oztiirk and Dale method for esti-
mation of parameters® with the help of the optimalization program
Solver in Excel we have composed the following quantile probability
function:

WPDp(51700,63612470; 194314,53494018; 0,68722619; 0,21221575).

To put the funded parameters to expression (1), we have obtained
the analytical form of the model:

O(p)=51700,63612470 +194314,53494018 -

{(1 el PP {W}

3 Gilchrist 2000, p. 198, [9].
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By minimizing the distributional least absolutes criterion (again in
Solver of Excel), we obtained the model

WPDA(53935,08339853; 186704,81277537; 0,65685205; 0,23298934)
with analytical form by (1)

Q(p) =53935,08339853+186704,81277537- .

-{(1 R }} |

6. Validation of models

Validation is the process of deciding whether an identified and fit-
ted model is indeed valid for the data and the situation under consid-
eration. There are many aspects of validation, but here we concentrate
only on those of direct relevance to modelling with quantiles.

The natural plot to start with is the fit-observation diagram or Q—
Q plot of the validation data against the corresponding fitted values.

As seen on Q — Q plot (Figure 8), both Weibull-Pareto quantile
distributions fit well with the empirical distribution of income. De-
pending on a selected method of parameters estimation, the two mod-
els fit better in different parts of the distribution.

1400 000

1200 000

1 000 000
800 000

600 000

400 000

teoretical CP

200 000

0 200 000 400000 600000 800000 1000000 1200000 1400000

empirical CP

® (Ozturk and Dale
— 45 degrees

s distrib. least absolutes

Figure 8. Q—Q plot of Weibull-Pareto distributions
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Sometimes the look of two plots is very similar and it is useful to
have some numerical measures to supplement the analysis. The suitable
measure of the quality of the fit is the correlation between the fitted val-
ues and the actual values. In the case of both models WPD, their values
are high (0,9963 a 0,9982) signalling very strong linear correlation.

The most often method of testing of proposed models against vali-
dation data is the goodness-of-fit test modified for quantile models.

Suppose for simplicity, we divide the p-axis into m equal sections
using p,=j/m,j=1,2,..,ml; po=0, p, =1 1If x; =Q(pj),
X, = Q(p H) and 71, is the number of observations in the new data

set lying in the interval (x H,xj> , than the expected value of n; is n/m
for all j. This fact is used to construct the test statistic C where

This statistic has approximately a y* distribution and in this case it has

m-1 degrees of freedom. If the new data is very different from the fitted
model, the value of C will be larger than indicated by a y* distribution.

Graf
rezidui
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0,00 0,10 0,20 0,30 0,40 0,50 0,60 0,70 0,80 0,90 1,00
P
¢ ¢eWPDOD A ¢cWPDA

Figure 9. Residual plots of Weibull-Pareto distributions
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There is C = 28.99 for model WPD, and C = 28, 64 for WPDop.
If level of 51gn1ﬁcance a = 0.05, than critical value of y* distribution
of statistic C — y 095(19) = 30, 14 confirm the good fit for the both
models of WPD.

Plot of residuals (Figure 9) shows that WPD , model is better fit for 80 %
values of household income. Only 2 % of values exceed 10 thousand SK.

Table 1
COMPARISON OF SUMMARY STATISTICS
Summary statistics Empirical data WPDop WPD A

Minimum value 54 325 52532 54938
Lower percentile 65 388 61722 64 733
Tenth percentile 107 956 108 792 111 364
Lower quartile 166 663 165 241 165 621
Median 237 407 239 865 237 112
Upper quartile 358 324 308 089 305 196
Ninetieth percentile 377 394 371291 373 608
Upper percentile 584 179 569 548 600 799
Maximum value 1 020 600 1 124 060 1271774
Variance of residuals 44 080 072 | 104 020307
Std. Dev. of residuals 6 639 10 199
Coefficient of Correlation X 0,9982 0;9963

We can compare numerical statistics of the empirical data and of both
models WPD, and WPDgp, by table 1 to review the quality of the mod-
els.

Summary

The article includes the methods and the results of the statistical
analysis and modelling of income distribution of households in the
Slovak Republic in 2002. The first step of the data description is the
graphical analysis. The quantitative expression of characteristic prop-
erties, detected in the graphs, is completed by estimation and interpre-
tation of the descriptive statistics of the sample.

Results from the analysis of the sampling data — the distribution
of the variable CP — yearly real net income of the households is a
positive asymmetrical long-tailed distribution.

Chi — square and Kolmogorov-Smirnov goodness-of— fit tests of
the empirical distribution with more of theoretical distributions con-
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firm the best of all is Weibull distribution with maximum likelihood
parameters estimation, except the intervals of the lowest and the high-
est values of incomes.

Two fitting distributions from the class of the Weibull-Pareto,
which are good models for intervals of the lowest and the highest val-
ues of incomes, were found by the methods of the modelling with
quantile distributions.
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Antonina Sidorova

INFLUENCE OF HUMAN SERVICES
ON PARAMETERS’ OPTIMIZATION
OF POPULATION REPRODUCTION REGIME

The condition of human services in Donetsk region is analyzed at
standpoint of economic, social and demographic functions execution.
The article denotes that deformation in human services structure and
small volume consumption of some kind of services keeps back the
society development, makes worse demographic situation both in state
and regions, and aggravates the problem of labour potential forming.
The quantitative evaluation of human services on the indices of popu-
lation reproduction of Donetsk region is performed in the article.

The process of formation of market economy in Ukraine has
changed greatly the structure of consumer market as a whole and the
services industry structure in particular. Donetsk region based human
services enterprises can serve as an example to prove the statement.
One of the largest Ukrainian regions, Donetsk region occupies the
central place in social and economical development of the country.
Approximately 10 % of country population lives there. The region
consists of 27 cities and 17 areas. Donetsk city is a regional center
with more than 1 million inhabitants.

Considerable manufacturing potential of the region determines its
high urbanization level. The region owns more than one fifth of
Ukrainian main production-manufacturing funds and supplies 20 % of
manufacturing produce of Ukraine.

At the present moment Donetsk region experiences the process of
modern human service enterprises network formation. Thus, for exam-
ple, the total amount of the services provided showed a 16.8 % increase
in terms of factual prices from 2002 to 2003. Such a positive dynamics
is a result of an overall improvement in Ukrainian economy, reforma-
tion of forms of ownership, implementation of market mechanisms. Be-
sides this, such factors as price policy changes and faults — an increase
of transportation, communication, public services tariffs etc — also de-
termine the growth of amount of the services provided, that has resulted
in a deviation of factual services consumption structure.

The structure of services consumption is characterized by two con-
siderable disproportions. Transportation (55.4 %), postal and commu-
nication services (12.8 %), real estate operations (7.3 %) and educa-
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