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Ì.Ã.ÑÅÌÅÉÊÎ

Àíîòàöiÿ. Äîñëiäæåíi ìîìåíòíi ìiðè çìiøàíèõ åìïiðè÷íèõ âèïàäêîâèõ òî÷êî-
âèõ ïðîöåñiâ i ìàðêîâàíèõ òî÷êîâèõ ïðîöåñiâ, âèêîðèñòîâóþ÷è òâiðíi ôóíêöi¨
âèïàäêîâèõ ëi÷èëüíèõ ìið.

Àííîòàöèÿ. Èññëåäîâàíû ìîìåíòíûå ìåðû ñìåøàííûõ ýìïèðè÷åñêèõ ñëó÷àéíûõ
òî÷å÷íûõ ïðîöåññîâ è ìàðêèðîâàííûõ òî÷å÷íûõ ïðîöåññîâ, èñïîëüçóÿ ïðîèçâî-
äÿùèå ôóíêöèè ñëó÷àéíûõ ñ÷èòàþùèõ ìåð.

Abstract. Moment measures of the mixed empirical random point processes and
marked point processes are investigated using probability generating functions of
the random counting measures.

1. Âñòóï
Çà îñòàíí¹ äåñÿòèði÷÷ÿ çíà÷íî çðîñëà çàöiêàâëåíiñòü äî ðîçâèòêó òåîði¨ i ñòàòè-

ñòè÷íèõ ìåòîäiâ âèïàäêîâèõ òî÷êîâèõ ïðîöåñiâ (ÒÏ) i ìàðêîâàíèõ òî÷êîâèõ ïðîöåñiâ
(ÌÒÏ) ÿê äi¹âîãî àïàðàòó äîñëiäæåííÿ áàãàòüîõ ïðîáëåì ñôåðè÷íî¨ ñòîõàñòè÷íî¨
ãåîìåòði¨ [1], ñòåðåîëîãîi¨ [2], ìàòåìàòè÷íî¨ ìîðôîëîãi¨ [3], áiîëîãi¨, åêîëîãi¨, êîñìî-
ëîãi¨, åêîíîìiêè. Äîñèòü íåïîìiòíå ìiñöå â òåîði¨ ÒÏ çàéìàþòü çìiøàíi åìïiðè÷íi
ïðîöåñè, ïîðîäæåíi íåçàëåæíèìè i îäíàêîâî ðîçïîäiëåíèìè âèïàäêîâèìè åëåìåíòà-
ìè (âèïàäêîâèìè âåëè÷èíàìè) x1, x2, ..., xN âèìiðíîãî ïðîñòîðó (X, AX). Â çìiøàíèõ
åìïiðè÷íèõ òî÷êîâèõ ïðîöåñàõ ââàæà¹òüñÿ, ùî ÷èñëî åëåìåíòiâ N ¹ íåâiä'¹ìíà âè-
ïàäêîâà âåëè÷èíà, ùî íàáóâà¹ öiëèõ çíà÷åíü i íåçàëåæíà âiä âèïàäêîâèõ åëåìåíòiâ
x1, x2, ..., xN . ßêùî æ ÷èñëî åëåìåíòiâ N ¹ ôiêñîâàíîþ âåëè÷èíîþ: N = n, òî íå-
çàëåæíi i îäíàêîâî ðîçïîäiëåíi âèïàäêîâi åëåìåíòè x1, x2, ..., xn óòâîðþþòü åìïiðè-
÷íèé (n− âèáiðêîâèé) òî÷êîâèé ïðîöåñ íà âèìiðíîìó ïðîñòîði (X, AX) [4]. Òåðìiíè
åìïiðè÷íèé òî÷êîâèé ïðîöåñ i çìiøàíèé åìïiðè÷íèé òî÷êîâèé ïðîöåñ âïåðøå ââå-
äåíî â ìîíîãðàôi¨ A.Karr [4]. Äîñëiäæåííþ åìïiðè÷íèõ ïðîöåñiâ ïðèñâÿ÷åíi ðîáîòè
A.Karr [4], M.Cs�orqo, P.Revesz [5], P.Gaenssler [6], P.Gaenssler, W.Stute [7], D.Pollard
[8], R.Ser�ing [9].

Òåîðiÿ çìiøàíèõ åìïiðè÷íèõ ÌÒÏ áiëüø óíiâåðñàëüíà i äîçâîëÿ¹ äîñëiäæóâàòè
ðiçíîìàíiòíi ïðîáëåìè ñòîõàñòè÷íî¨ ãåîìåòði¨, â ÿêèõ ãåîìåòðè÷íi ñòðóêòóðè âèïàä-
êîâî¨ ïðèðîäè íå îáîâ'ÿçêîâî ðîçìiùåíi ðiâíîìiðíî â ïðîñòîðàõ R2, R3 àáî S2.

Ó ðîáîòi ïðîäîâæåíî äîñëiäæåííÿ âëàñòèâîñòåé çìiøàíèõ åìïiðè÷íèõ âèïàäêî-
âèõ óïîðÿäêîâàíèõ òî÷êîâèõ ïðîöåñiâ (ÓÒÏ) i ìàðêîâàíèõ òî÷êîâèõ ïðîöåñiâ (ÓÌ-
ÒÏ), ðîçïî÷àòèõ â ðîáîòàõ [10-12]. Îñíîâíà óâàãà çîñåðåäæåíà íà äîñëiäæåííi ìî-
ìåíòíèõ ìið çìiøàíèõ åìïiðè÷íèõ ÓÒÏ i ÓÌÒÏ â êîìïàêòíèõ ìåòðè÷íèõ ïðîñòî-
ðàõ, ùî ïîáóäîâàíi íà âèáiðêàõ, îäåðæàíèõ øëÿõîì ïðîñòîãî âèïàäêîâîãî âèáîðó
áåç ïîâåðíåííÿ iç ãåíåðàëüíèõ ñóêóïíîñòåé.

Ñòàòòÿ ìà¹ íàñòóïíó ñòðóêòóðó. Â ïåðøié ÷àñòèíi, ùî ñêëàäà¹òüñÿ iç ðîçäiëiâ
2 - 6, äîñëiäæóþòüñÿ çìiøàíi åìïiðè÷íi âèïàäêîâi ÓÒÏ â êîìïàêòíèõ ìåòðè÷íèõ

2000 Mathematics Subject Classi�cation. Primary 60G55;
Êëþ÷îâi ñëîâà i ôðàçè. Çìiøàíèé åìïiðè÷íèé òî÷êîâèõ ïðîöåñ, ìàðêîâàíèé òî÷êîâèé ïðîöåñ,

òâiðíà ôóíêöiÿ, ìîìåíòíi ìiðè.
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ïðîñòîðàõ. Â äðóãîìó ðîçäiëi íàäàíî îçíà÷åííÿ îñíîâíèõ òâåðäæåíü òåîði¨ âèïàä-
êîâèõ ÒÏ i ÌÒÏ [10, 13]. Â òðåòüîìó ðîçäiëi ïîäàíî îñíîâíi ïîíÿòòÿ òåîði¨ çìiøàíèõ
åìïiðè÷íèõ âèïàäêîâèõ ÓÒÏ.

Ñóìiñíi i ìàðãiíàëüíi òâiðíi ôóíêöi¨ âèïàäêîâèõ åìïiðè÷íèõ ëi÷èëüíèõ ìið ÓÒÏ
ïîáóäîâàíi â ÷åòâåðòîìó ðîçäiëi. Àïàðàò òâiðíèõ ôóíêöié iíòåíñèâíî âèêîðèñòàíî
äëÿ äîñëiäæåííÿ ìîìåíòíèõ ìið, çìiøàíèõ ìîìåíòíèõ ìið, ôàêòîðiàëüíèõ ìîìåí-
òíèõ ìið ÓÒÏ.

Â ï'ÿòîìó i øîñòîìó ðîçäiëàõ ïîáóäîâàíi ìîäåëi çìiøàíèõ åìïiðè÷íèõ ïóàññî-
íiâñüêîãî i íåãàòèâíîãî áiíîìiàëüíîãî âèïàäêîâèõ ÓÒÏ. Îá÷èñëåíi ¨õíi ðiçíîìàíiòíi
ìîìåíòíi ìiðè.

Â äðóãié ÷àñòèíi ñòàòòi, ùî ïîäàíà â ðîçäiëàõ 7 - 10, âèâ÷àþòüñÿ çìiøàíi åìïi-
ðè÷íi âèïàäêîâi ÓÌÒ â êîìïàêòíèõ ìåòðè÷íèõ ïðîñòîðàõ. Îñíîâíi ïîíÿòòÿ òåîði¨
çìiøàíèõ åìïiðè÷íèõ âèïàäêîâèõ ÓÌÒÏ ç íåçàëåæíèì ìàðêóâàííÿì â êîìïàêòíèõ
ìåòðè÷íèõ ïðîñòîðàõ ðîçãëÿíóòî â ðîçäiëi ñüîìîìó.

Ìîìåíòíi ìiðè çìiøàíîãî åìïiðè÷íîãî âèïàäêîâîãî ÓÌÒÏ ïîäàíî â âîñüìîìó
ðîçäiëi.

Ó äåâ'ÿòîìó i äåñÿòîìó ðîçäiëàõ çàïðîïîíîâàíi ìîäåëi çìiøàíèõ åìïiðè÷íèõ ïó-
àññîíiâñüêîãî i íåãàòèâíîãî áiíîìiàëüíîãî âèïàäêîâèõ ÓÌÒÏ. Äîñëiäæåíi ¨õíi ði-
çíîìàíiòíi ìîìåíòíi ìiðè.

Ëiòåðàòóðà â îáîõ ÷àñòèíàõ ñòàòòi îäíàêîâà.
Ñòàòòÿ ïðèñâÿ÷åíà ñâiòëié ïàì'ÿòi ìîãî íàóêîâîãî êåðiâíèêà ïðîôåñîðà Þðiÿ

Iâàíîâè÷à Ïåòóíiíà, îñòàííi ïîðàäè é çàóâàæåííÿ ÿêîãî âðàõîâàíi ïiä ÷àñ íàïèñàííÿ
öi¹¨ ðîáîòè.

2. Îñíîâíi ïîíÿòòÿ òåîði¨ âèïàäêîâèõ òî÷êîâèõ ïðîöåñiâ i ìàðêîâàíèõ
òî÷êîâèõ ïðîöåñiâ

Íàäàìî îçíà÷åííÿ îñíîâíèõ ïîíÿòü òåîði¨ âèïàäêîâèõ ÒÏ i ÌÒÏ, ÿêi íàì áóäóòü
ïîòðiáíi íàäàëi [10,13].

Íåõàé (X, AX)− âèìiðíèé ïðîñòið, ïðè÷îìó σ - àëãåáðà AX ìiñòèòü âñi îäíîòî-
÷êîâi ïiäìíîæèíè {x} iç ïðîñòîðó X. Áóäåìî ââàæàòè, ùî ó âèìiðíîìó ïðîñòîði
(X, AX) ââåäåíî ñòðóêòóðó îáìåæåíèõ ìíîæèí (ÎÌ) BX , ÿêùî â ïðîñòîði X óòâî-
ðåíî ñèñòåìó ïiäìíîæèí BX , ùî çàäîâîëüíÿ¹ òàêi óìîâè [14]:

(1) BX− ñïàäêîâèé êëàñ;
(2) BX− çàìêíóòà âiäíîñíî ñêií÷åííèõ îá'¹äíàíü;
(3) ñèñòåìà ïiäìíîæèí BX óòâîðþ¹ ïîêðèòòÿ ïðîñòîðó X;
(4) êëàñ îáìåæåíèõ âèìiðíèõ ìíîæèí EX = AX

⋂
BX êîôiíàëüíèé â BX âiä-

íîñíî âêëþ÷åííÿ: ÿêùî BX ∈ BX , òî iñíó¹ FX ∈ EX , äëÿ ÿêîãî BX ⊂ FX .

Îçíà÷åííÿ 2.1. Âèìiðíèé ïðîñòið (X, AX) ç âèäiëåíîþ ñòðóêòóðîþ îáìåæåíèõ
ìíîæèí BX íàçèâà¹òüñÿ îáìåæåíèì ïðîñòîðîì (ÎÏ) i ïîçíà÷à¹òüñÿ òðiéêîþ ñèì-
âîëiâ (X, AX , BX) [14].

Îçíà÷åííÿ 2.2. Ïiäìíîæèíà E = (x1, x2, ..., xn, ...) îáìåæåíîãî ïðîñòîðó (X, AX ,
BX), ÿêà ñêëàäà¹òüñÿ ç òî÷îê ïðîñòîðó X, ùî, ìîæëèâî, ïîâòîðþþòüñÿ, íàçèâà¹òüñÿ
ðîçðiäæåíîþ ìíîæèíîþ (ÐÌ), ÿêùî ¨¨ ïåðåòèí ç äîâiëüíîþ âèìiðíîþ ÎÌ BX ∈
EX ìiñòèòü ëèøå ñêií÷åííå ÷èñëî åëåìåíòiâ: N(E,BX) = card[E

⋂
BX ] < ∞, äå

card[E
⋂

BX ]− ÷èñëî åëåìåíòiâ ó ìíîæèíi E
⋂

BX .
N(E, BX)− ëi÷èëüíà ìiðà íà êëàñi îáìåæåíèõ âèìiðíèõ ïiäìíîæèí BX ïðîñòîðó

X, ùî ïðèéìà¹ öiëi íåâiä'¹ìíi çíà÷åííÿ: N(E, BX) ∈ Z+. Àòîìàìè ìiðè N(E,BX)
¹ òî÷êè x ðîçðiäæåíî¨ ìíîæèíè E(x− àòîì ìiðè N, ÿêùî N(E, {x}) > 0). Äëÿ
äîâiëüíîãî àòîìà x ìiðè N çíà÷åííÿ N(E, {x}) âèçíà÷à¹ êðàòíiñòü òî÷êè x, òîìó
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ëi÷èëüíà ìiðà N(E, BX) i ðîçðiäæåíà ìíîæèíà E ìàþòü òàêèé âèãëÿä [15]:
N(E,BX) =

∑

x∈E

N(E, {x})IBX
(x),

E = {x : x ∈ X, 0 < N(E, {x}) < ∞},
äå IBX

(x)− õàðàêòåðèñòè÷íà ôóíêöiÿ ìíîæèíè BX . Ðîçðiäæåíó ìíîæèíó E ìîæíà
ðîçãëÿäàòè ÿê ïiäìíîæèíó iç ïðîñòîðó X×{1, 2, 3, ...}, äå iíäåêñ âèçíà÷à¹ êðàòíiñòü
òî÷êè iç X [14].
Îçíà÷åííÿ 2.3. ÐÌ E îáìåæåíîãî ïðîñòîðó (X, AX , BX) íàçèâà¹òüñÿ ïðîñòîþ,
ÿêùî E = {x : x ∈ X, N(E, {x}) = 1}, òîáòî ïðîñòà ÐÌ íå ìiñòèòü òî÷îê, ùî
ïîâòîðþþòüñÿ.
Îçíà÷åííÿ 2.4. Ëi÷èëüíà ìiðà N(E,BX) íàçèâà¹òüñÿ ïðîñòîþ, ÿêùî ¨¨ ìîæíà ïî-
äàòè íàñòóïíèì ÷èíîì: N(E, BX) =

∑
x∈E

IBX
(x).

Î÷åâèäíî, ïðîñòié ÐÌ E âiäïîâiäà¹ ïðîñòa ëi÷èëüíà ìiðà N(E, BX).

Îçíà÷åííÿ 2.5. Ëi÷èëüíà ìiðà N(E,BX) ââàæà¹òüñÿ ëîêàëüíî ñêií÷åííîþ (àáî
ðàäîíîâîþ) íà ÎÏ (X, AX ,BX , ) ÿêùî N(E, BX) < ∞ äëÿ âñiõ BX ∈ EX [16].

Ïîçíà÷èìî ÷åðåç E êëàñ âñiõ ÐÌ E iç ÎÏ (X, AX ,BX , ). Íåõàé BX− äîâiëüíà
âèìiðíà ÎÌ (BX ∈ EX) i ëîêàëüíî ñêií÷åííà ìiðà N(E, BX)− âiäîáðàæåííÿ, âèçíà-
÷åíå íà êëàñi E âñiõ ÐÌ E :

NBX
(·) = N(·, BX) : E −→ Z+.

Ðîçãëÿäàþ÷è êëàñ E âñiõ ÐÌ E ÿê íîâèé îñíîâíèé ïîñòið, ïîçíà÷èìî ÷åðåç X ìiíi-
ìàëüíó σ− àëãåáðó ïiäìíîæèí ïðîñòîðó E , óòâîðåíó âñiìà ïiäìíîæèíàìè âèäó:{E :
N(E, Bi

X) = ni, i = 1, 2, ..., m}, äå m ∈ N, Bi
X ∈ EX , n ∈ Z+. Òàêèì ÷èíîì, X−

ìiíiìàëüíà σ− àëãåáðà ïiäìíîæèí ïîñòîðó E , äëÿ ÿêî¨ âñi âiäîáðàæåííÿ N(E,BX)
¹ âèìiðíèìè âiäíîñíî X äëÿ âñiõ BX ∈ EX [15].
Îçíà÷åííÿ 2.6. Âèïàäêîâèì òî÷êîâèì ïðîöåñîì (ÒÏ) â ÎÏ (X, AX , BX) íàçè-
âà¹òüñÿ éìîâiðíiñíèé ïðîñòið (E , X, P ), äå P− éìîâiðíiñíà ìiðà, âèçíà÷åíà íà σ−
àëãåáði X [13]; ïðè öüîìó X íàçèâà¹òüñÿ ïðîñòîðîì ïîëîæåíü ÒÏ.
Îçíà÷åííÿ 2.7. Âèïàäêîâèé ÒÏ (E , X, P ) íàçèâà¹òüñÿ ñêií÷åííèì â ÎÏ (X, AX ,
BX), ÿêùî

P{E : N(E, X) < ∞} = 1.

Îçíà÷åííÿ 2.8. Âèïàäêîâèé ÒÏ (E ,X, P ) íàçèâà¹òüñÿ ïðîñòèì â ÎÏ (X, AX ,BX),
ÿêùî êîæíà òðà¹êòîðiÿ E ïðîöåñó ¹ ïðîñòîþ ÐÌ â ïðîñòîði X.

Çâè÷àéíî ïðî òàêi ÒÏ êàæóòü, ùî âîíè ç éìîâiðíiñòþ îäèíèöÿ íå ìàþòü êðàòíèõ
òî÷îê [17]:

P{E : N(E, {x}) ≤ 1, x ∈ X} = 1.

Îçíà÷åííÿ 2.9. [13]. Âèïàäêîâèé ïðîöåñ (E , X, P ) ââàæà¹òüñÿ ïðîñòèì óïîðÿäêî-
âàíèì ÒÏ (ÓÒÏ) â ÎÏ (X, AX ,BX), ÿêùî X− ëiíiéíî óïîðÿäêîâàíèé ïðîñòið [18] i
ìàéæå êîæíà éîãî òðà¹êòîðiÿ E ∈ E ¹ ñêií÷åííîþ àáî çëi÷åíîþ ïðîñòîþ ÐÌ (ïîñëi-
äîâíiñòþ) iç ïðîñòîðó X âèäó: E = (x1, ..., xn) (E = (x1, ..., xn, ...), E = (..., x−n, ...,
x−1, x0, x1, ..., xn, ...)) ïðè÷îìó xk < xm, ÿêùî k < m.

Îçíà÷åííÿ 2.10. [13]. Áóäåìî ââàæàòè, ùî âèïàäêîâèé ïðîöåñ (E , X, P ) ¹ ïðîñòèì
íåâïîðÿäêîâàíèì ÒÏ (ÍÒÏ) â ÎÏ (X, AX , BX), ÿêùî ìàéæå êîæíà éîãî òðà¹êòîðiÿ
E ¹ íåâïîðÿäêîâàíîþ ïðîñòîþ ÐÌ â ïðîñòîði X : E = {x(1), ..., x(n)} (íèæíi iíäåêñè
â ìíîæèíi E ââåäåíi ëèøå äëÿ ðîçðiçíåííÿ òî÷îê, à íå âêàçóþòü íà ïîðÿäîê ¨õ
ñëiäóâàííÿ).
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Ó âèïàäêîâîìó ìàðêîâàíîìó òî÷êîâîìó ïðîöåñi (ÌÒÏ) êîæíà âèïàäêîâà ïîäiÿ
ðîçãëÿäà¹òüñÿ ÿê óïîðÿäêîâàíà ïàðà [x; k], ùî ñêëàäà¹òüñÿ iç òî÷êè ïîëîæåííÿ x
òà ¨¨ ìiòêè (ìàðêè) k. Òî÷êà x ¹ åëåìåíòîì ïðîñòîðó ïîëîæåíü X i âêàçó¹ ìiñöå,
äå ìîæå âiäáóòèñü ïîäiÿ, à ìàðêà k ¹ åëåìåíòîì ïðîñòîðó ìàðêóâàííÿ K i âèçíà÷à¹
äåÿêèé êiëüêiñíèé ïîêàçíèê ïîäi¨ (íàïðèêëàä, ¨¨ âåëè÷èíó, iíòåíñèâíiñòü, øâèäêiñòü,
ïîòóæíiñòü). Òîìó ôàçîâèé ïðîñòið Y òàêîãî ÌÒÏ ¹ äåêàðòîâèì äîáóòêîì ïðîñòîðiâ
X i K : Y = X×K, äå K− íàïiâóïîðÿäêîâàíà (÷àñòêîâî óïîðÿäêîâàíà [18]) ìíîæèíà
ç âèäiëåíèìè σ− àëãåáðîþ âèìiðíèõ ìíîæèí AK i ñòðóêòóðîþ îáìåæåíèõ ìíîæèí
BK .

ßê çàâæäè ïiä σ− àëãåáðîþ â ïðîñòîði Y áóäåìî ââàæàòè äåêàðòîâèé äîáóòîê
AY = AX⊗AK σ− àëãåáð AX i AK . Ââåäåìî ó âèìiðíîìó ïðîñòîði (Y, AY ) ñòðóêòóðó
îáìåæåíèõ ìíîæèí BY = BX ¯BK , ââàæàþ÷è ìíîæèíó BY ⊂ Y îáìåæåíîþ òîäi i
òiëüêè òîäi, êîëè iñíóþòü òàêi ÎÌ BX ∈ BX i BK ∈ BK , ùî BY ⊆ BX×BK . Äëÿ BY

âèêîíóþòüñÿ òàêîæ âñi àêñiîìè ñòðóêòóðè îáìåæåíèõ ìíîæèí, òàê ùî (Y, AY , BY )
ñòà¹ ÎÏ.
Îçíà÷åííÿ 2.11. ÌÒÏ íàçèâà¹òüñÿ âèïàäêîâèé ÒÏ (E∗, X∗, P ∗) â ÎÏ (Y, AY , BY );
ïðè öüîìó E∗ = {E∗} êëàñ âñiõ ÐÌ E∗ = ([x1; k1], ..., [xn; kn], ...) iç ÎÏ (Y, AY ,BY ).

Îçíà÷åííÿ 2.12. Âèïàäêîâèé ÌÒÏ (E∗,X∗, P ∗) íàçèâà¹òüñÿ ïðîñòèì â ÎÏ (Y, AY ,
BY ), ÿêùî äëÿ ìàéæå âñiõ éîãî òðà¹êòîðié E∗ = ([x1; k1], ..., [xn; kn], ...) âèêîíó¹òüñÿ
óìîâà: xi 6= xj (i 6= j), òîáòî ∀x ∈ X

P ∗{E∗ : N∗(E∗, {x} ×K) ≤ 1} = 1,

äå N∗(E∗, BY ) = card[E∗⋂
BY ]− âèïàäêîâà ëi÷èëüíà ìiðà ÌÒÏ (BY ∈ Ey =

AY

⋂
BY ).

Îçíà÷åííÿ 2.13. Âèïàäêîâèé ÌÒÏ (E∗, X∗, P ∗) íàçèâà¹òüñÿ ñòðîãî ïðîñòèì â ÎÏ
(Y, AY ,BY ), ÿêùî äëÿ ìàéæå âñiõ éîãî òðà¹êòîðié E∗ âèêîíó¹òüñÿ óìîâà xi 6= xj i
ki 6= kj (i 6= j), òîáòî ∀x ∈ X, k ∈ K

P ∗{E∗ : N∗(E∗, {x} ×K) ≤ 1} = 1,

P ∗{E∗ : N∗(E∗, X × {k}) ≤ 1} = 1.

Îçíà÷åííÿ 2.14. Âèïàäêîâèé ÌÒÏ (E∗, X∗, P ∗) íàçèâà¹òüñÿ ñêií÷åííèì â ÎÏ
(Y, AY , BY ), ÿêùî ç éìîâiðíiñòþ îäèíèöÿ îá'¹ì ìàéæå êîæíî¨ òðà¹êòîði¨ E∗ ïðîöåñó
¹ ñêií÷åííèì: P ∗{E∗ : card[E∗] = N∗(E∗, Y ) < ∞} = 1.

Îçíà÷åííÿ 2.15. Ïðîöåñ (E∗, X∗, P ∗) íàçèâà¹òüñÿ ñêií÷åííèì ïðîñòèì óïîðÿäêî-
âàíèì ÌÒÏ (ÓÌÒÏ) â ÎÏ (Y = X×K, AY = AX⊗AK , BY = BX¯BK), ÿêùî éîãî
ïðîåêöiÿ (E , X, P ) = PrX

(E∗, X∗, P ∗) íà ïðîñòið ïîëîæåíü X ¹ ñêií÷åííèì ïðîñòèì
ÓÒÏ â ÎÏ ïîëîæåíü (X, AX , BX) [19].

Äîâiëüíà òðà¹êòîðiÿ E∗ ÓÌÒÏ (E∗, X∗, P ∗) ¹ ñêií÷åííîþ ïðîñòîþ óïîðÿäêîâàíîþ
ÐÌ (âåêòîðîì) iç ôàçîâîãî ïðîñòîðó Y = X ×K :

E∗ = (y1, ..., yi, ..., yn) = ([x1; k1], ..., [xi; ki], ..., [xn; kn]),
äå xi− òî÷êà ïîëîæåííÿ, ki− ìàðêà âèïàäêîâî¨ ïîäi¨ yi = [xi; ki].

3. Îñíîâíi ïîíÿòòÿ òåîði¨ çìiøàíèõ åìïiðè÷íèõ âèïàäêîâèõ
óïîðÿäêîâàíèõ òî÷êîâèõ ïðîöåñiâ

Íàâåäåìî îçíà÷åííÿ îñíîâíèõ ïîíÿòü òåîði¨ çìiøàíèõ åìïiðè÷íèõ âèïàäêîâèõ
óïîðÿäêîâàíèõ òî÷êîâèõ ïðîöåñiâ (ÓÒÏ) â êîìïàêòíèõ ìåòðè÷íèõ ïðîñòîðàõ [10,
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11, 20, 21]. Ïðèïóñòèìî, ùî (X, AX , ϑ) ¹ âèìiðíèé êîìïàêòíèé ìåòðè÷íèé ïðîñòið
(X, AX) ç ìiðîþ ϑ, ìåòðèêîþ ρX(xi, xj) i ïðèðîäíiì ÷èíîì âèáðàíèìè ñòðóêòóðàìè
âèìiðíèõ ìíîæèí AX é îáìåæåíèõ ìíîæèí BX [10]. Çîêðåìà, ìiðà ϑ ìîæå áóòè
ìiðîþ Ëåáåãà àáî àíàëîãîì ìiðè Ëåáåãà, ÿêùî ìåòðè÷íèé ïðîñòið X ¹ êîìïàêòíèì
îði¹íòîâàíèì äåôåðåíöiéîâàíèì ìíîãîâèäîì (ñôåðà, åëiïñî¨ä òîùî) [22, 23]. Êî-
æíà òðà¹êòîðiÿ E ñêií÷åííîãî ïðîñòîãî ÓÒÏ D̃ = (E, X, P ) â îáìåæåíîìó ïðîñòîði
(ÎÏ) (X, AX , BX) ¹ ðîçðiäæåíîþ ìíîæèíîþ ìåòðè÷íîãî ïðîñòîðó X i ñêëàäà¹òüñÿ
iç ñêií÷åííî¨ ïîñëiäîâíîñòi òî÷îê: E = (x1, ..., xi, ..., xn), äå xi− òî÷êà ïîëîæåííÿ
(xi ∈ X, i = 1, n).

Ðîçãëÿíåìî òàêèé âèïàäêîâèé ìåõàíiçì ïîáóäîâè ÓÒÏ. Äëÿ öüîãî ââåäåìî äâi
âèïàäêîâi âåëè÷èíè x = x(ω) òà ν = ν(ω), ùî çàäîâîëüíÿþòü òàêi óìîâè:

3.1. âèïàäêîâà âåëè÷èíà x(ω) òà öiëî÷èñëîâà íåâiä'¹ìíà âèïàäêîâà âåëè÷èíà ν(ω)
âèçíà÷åíi íà äåÿêîìó îñíîâíîìó éìîâiðíiñíîìó ïðîñòîði (Ω = {ω},=,P);

3.2. âèïàäêîâi âåëè÷èíè x(ω) òà ν(ω) íàáóâàþòü âiäïîâiäíî çíà÷åííÿ iç âèáiðêîâèõ
éìîâiðíiñíèõ ïðîñòîðiâ (X, AX , Px) òà (Z+,AZ+ , Pν) ç éìîâiðíiñíèìè ìiðàìè Px òà
Pν , äå

Px(BX) = P{ω : x(ω) ∈ BX} = µ1(BX)(BX ∈ AX),

Pν(BZ+) = P{ω : ν(ω) ∈ BZ+} (BZ+ ∈ AZ+);
3.3. ðîçïîäië Px(BX) âèïàäêîâî¨ âåëè÷èíè x = x(ω) ââàæà¹òüñÿ àáñîëþòíî íåïå-

ðåðâíèì âiäíîñíî ìiðè ϑ ó âèìiðíîìó ïðîñòîði (X, AX);
3.4. x(ω) òà ν(ω)− íåçàëåæíi âèïàäêîâi âåëè÷èíè.
Âèïàäêîâî (ó âiäïîâiäíîñòi ç ðîçïîäiëîì éìîâiðíîñòåé Pν âèïàäêîâî¨ âåëè÷èíè

ν(ω)) âèáèðà¹òüñÿ ÷èñëî n ∈ Z+, à ïîòiì êîæíà òðà¹êòîðiÿ E = (x1, . . . , xi, . . . , xn)
îá'¹ìà n ïðîñòîãî ÓÒÏ (E ,X, P ) óòâîðþ¹òüñÿ â ðåçóëüòàòi n íåçàëåæíèõ ïîâòîðåíü
îäíîãî i òîãî æ âèïàäêîâîãî eêñïåðèìåíòó G1, ùî ïîëÿãà¹ ó ïðîñòîìó âèïàäêîâîìó
âèáîði áåç ïîâåðíåííÿ òî÷êè x iç ïðîñòîðó X. Ââàæà¹òüñÿ, ùî âèïàäêîâîìó åêñïå-
ðèìåíòó G1 âiäïîâiäà¹ éìîâiðíiñíèé ïðîñòið (X, AX , Px).

Îòæå, òðà¹êòîðiþ E ìîæíà ðîçãëÿäàòè ÿê ðåàëiçàöiþ ó âèáiðêîâîìó âèìiðíîìó
ïðîñòîði (X, AX) ñêií÷åííî¨ ïðîñòî¨ óïîðÿäêîâàíî¨ ðîçðiäæåíî¨ âèïàäêîâî¨ ìíîæèíè
(âåêòîðà � âèáiðêè)

E = E(ω) = (x1(ω), . . . , xi(ω), . . . , xν(ω)(ω)) (1)
âèïàäêîâîãî îá'¹ìó ν(ω) íåçàëåæíèõ i îäíàêîâî ðîçïîäiëåíèõ ç éìîâiðíiñíîþ ìi-
ðîþ Px âèïàäêîâèõ âåëè÷èí, âèçíà÷åíèõ íà éìîâiðíiñíîìó ïðîñòîði (Ω, F,P) 1 [10].
Ëåãêî áà÷èòè, ùî âèïàäêîâà âåëè÷èíà ν(ω) ìîæå ìàòè òàêå ïîäàííÿ: ν(ω) = N =
N(E, X) = card[E

⋂
X] =

∑
x∈E

IX(x), äå N(E, X)− âèïàäêîâà âåëè÷èíà, ùî âèçíà÷à¹

êiëüêiñòü òî÷îê ìíîæèíè E â ïðîñòîði X, IX(·)− õàðàêòåðèñòè÷íà ôóíêöiÿ ïðîñòî-
ðó X.

Îçíà÷åííÿ 3.1. Âèïàäêîâèé ïðîöåñ D̃ = (E ,X, P ) íàçèâàòèìåìî ïðîñòèì çìiøàíèì
åìïiðè÷íèì ÓÒÏ òî÷îê ïîëîæåíü â ÎÏ (X, AX ,BX).

Äëÿ êîæíîãî âèáiðêîâîãî îá'¹ìó n(N = n) i äîâiëüíèõ ôiêñîâàíèõ îáìåæåíèõ
âèìiðíèõ ìíîæèí B1

X ∈ EX , B2
X = X \ B1

X ∈ EX(EX = AX

⋂
BX) ïîáóäó¹ìî âè-

ïàäêîâó åìïiðè÷íó ëi÷èëüíó ìiðó N(B1
X) = N(E,B1

X) = card[E
⋂

B1
X ] =

n∑
i=1

IB1
X

(xi).

1Ââàæà¹ìî, ùî ìåòðè÷íèé ïðîñòið X ¹ êîíòèíóàëüíèì ç íåïåðåðâíîþ ìiðîþ Px, òàê ùî âèëó÷åí-
íÿ áóäü-ÿêîãî åëåìåíòà iç X íå âïëèâà¹ íà íåçàëåæíiñòü êîìïîíåíòiâ âèáiðêè òà ¨õíié ìàðãiíàëüíèé
ðîçïîäië.
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Ïðè öüîìó óìîâíèé ðîçïîäië ëi÷èëüíî¨ ìiðè N(B1
X) âiäïîâiäà¹ áiíîìiàëüíîìó çàêîíó

B(n, µ1(B1
X)) iç ïàðàìåòðè÷íîþ ìiðîþ µ1(B1

X) [10, 20]:

P{N(B1
X) = k|N = n} = P{N(B1

X) = k, N(B2
X) = n− k|N = n} =

= Ck
nµk

1(B1
X)[1− µ1(B1

X)]n−k = Ck
nµk

1(B1
X)µn−k

1 (B2
X), (2)

äå µ1(B2
X) = 1− µ1(B1

X), k = 0, 1, . . . , n. ßêùî B1
X , . . . , Bs

X(
s⋃

j=1

Bj
X = X)− äîâiëüíà

ñêií÷åííà ïîñëiäîâíiñòü îáìåæåíèõ âèìiðíèõ ìíîæèí iç ïðîñòîðó X, ùî ïîïàðíî íå
ïåðåòèíàþòüñÿ, kj ∈ Z+

(
j = 1, s

)
,

s∑
j=1

kj = n, òî äëÿ çàäàíîãî n(N = n) óìîâíèé

ñóìiñíèé ðîçïîäië ëi÷èëüíèõ ìið {N(Bj
X), j = 1, s} âiäïîâiäà¹ ïîëiíîìiàëüíîìó

çàêîíó [21]:

P{N(Bj
X) = kj , j = 1, s|N = n} =

n!
k1!...ks!

µk1
1 (B1

X) . . . µks
1 (Bs

X), (3)

äå
s∑

j=1

µ1(B
j
X) = 1. Âèêîðèñòîâóþ÷è óìîâíi ðîçïîäiëè (2), (3) i ôîðìóëó ïîâíî¨ éìî-

âiðíîñòi, îäåðæó¹ìî ðîçïîäië ëi÷èëüíî¨ ìiðè N(B1
X) i ñóìiñíèé ðîçïîäië ëi÷èëüíèõ

ìið {N(Bj
X), j = 1, s} :

P{N(B1
X) = k} =

∑

n≥k

P{N(B1
X) = k|N = n}P{N = n} =

=
∑

n≥k

Ck
nµk

1(B1
X)µn−k

1 (B2
X)P{N = n} (k ∈ Z+), (4)

P{N(Bj
X) = kj , j = 1, s} =

∞∑
n=0

P{N(Bj
X) = kj , j = 1, s|N = n}P{N = n} =

=
∞∑

n=0

n!
k1!...ks!

µk1
1 (B1

X) . . . µks
1 (Bs

X)P{N = n}



n∑

j=1

kj = n, kj ∈ Z+


 . (5)

4. Ìîìåíòíi ìiðè çìiøàíîãî åìïiðè÷íîãî âèïàäêîâîãî ÓÒÏ
Ðîçãëÿíåìî ïðîáëåìó çíàõîäæåííÿ êîâàðiàöiéíî¨ ìiðè çàëåæíîñòi ìiæ âèïàäêî-

âèìè ëi÷èëüíèìè ìiðàìè N(B1
X) i N(B2

X) ÓÒÏ D̃ = (E , X, P ) äëÿ äâîõ âçà¹ìîäîïîâ-
íþþ÷èõ ìíîæèí B1

X i B2
X iç ÎÏ (X, AX ,BX) :

cov[N(B1
X), N(B2

X)] = M [N(B1
X)N(B2

X)]−M [N(B1
X)]M [N(B2

X)]. (6)
Îá÷èñëèìî çìiøàíèé ìîìåíò M [N(B1

X)N(B2
X)], âèêîðèñòîâóþ÷è ôîðìóëó ïîâíîãî

ìàòåìàòè÷íîãî ñïîäiâàííÿ [24]:

M [N(B1
X)N(B2

X)] = M{M [N(B1
X)N(B2

X)|N = n]} =

=
∞∑

n=0

M [N(B1
X)N(B2

X)|N = n]P{N = n}. (7)

Íà îñíîâi ñïiââiäíîøåííÿ (2) îäåðæó¹ìî:
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M [N(B1
X)N(B2

X)|N = n] =
n∑

k=0

k(n− k)P{N(B1
X)N(B2

X) = k(n− k)|N = n} =

=
n∑

k=0

k(n− k)P{N(B1
X) = k, N(B2

X) = n− k|N = n} =

=
n∑

k=0

k(n− k)
n!

k!(n− k)!
µk

1(B1
X)µn−k

1 (B2
X) =

= n(n− 1)µ1(B1
X)µ1(B2

X)
n−1∑

k=1

(n− 2)!
(k − 1)!(n− k − 1)!

µk−1
1 (B1

X)µn−k−1
1 (B2

X) =

= n(n− 1)µ1(B1
X)µ1(B2

X)[µ1(B1
X) + µ1(B2

X)]n−2 = n(n− 1)µ1(B1
X)µ1(B2

X), (8)
îñêiëüêè µ1(B1

X) + µ1(B2
X) = 1. Ïiäñòàâëÿþ÷è ðåçóëüòàò (8) â ôîðìóëè (6), (7),

ìà¹ìî:

cov[N(B1
X), N(B2

X)] = µ1(B1
X)µ1(B2

X)m[2] −M [N(B1
X)]M [N(B2

X)], (9)

äå m[2] =
∞∑

n=0
n(n − 1)P{N = n} = M [N(N − 1)] = M [N [2]]− äðóãèé ôàêòîðiàëüíèé

ìîìåíò âèïàäêîâî¨ âåëè÷èíè N i N [2] = N(N − 1)− ôàêòîðiàëüíà ñòåïiíü ïîðÿäêà
äâà [10, 24].

Ïîáóäó¹ìî ñóìiñíó òâiðíó ôóíêöiþ

ΠN(B1
X),...,N(Bs

X)(z1, ..., zs) = M [zN(B1
X)

1 ...z
N(Bs

X)
s ]

âèïàäêîâèõ åìïiðè÷íèõ ëi÷èëüíèõ ìið {N(Bj
X), j = 1, s}, ÿêùî

s⋃
j=1

Bj
X = X,

Bi
X

⋂
Br

X = Ø(1 ≤ i, r ≤ s; i 6= r), âèêîðèñòîâóþ÷è óìîâíèé ñóìiñíèé ðîçïîäië (3):

ΠN(B1
X),...,N(Bs

X)(z1, ..., zs) = M{M [zN(B1
X)

1 ...z
N(Bs

X)
s |N = n]} =

=
∞∑

n=0

M [zN(B1
X)

1 . . . z
N(Bs

X)
s |N = n]P{N = n} =

=
∞∑

n=0





∑

k1,...,ks≥0,k1+...+ks=n

zk1
1 ...zks

s P{N(Bj
X) = kj , j = 1, s|N = n}



P{N = n} =

=
∞∑

n=0





∑

k1,...,ks≥0,k1+...+ks=n

n!
k1!...ks!

[z1µ1(B1
X)]k1 . . . [zsµ1(Bs

X)]ks



P{N = n} =

=
∞∑

n=0





s∑

j=1

zjµ1(B
j
X)





n

P{N = n} = M








s∑

j=1

zjµ1(B
j
X)





N

 =

= ΠN (z1µ1(B1
X) + ... + zsµ1(Bs

X)), (10)
äå ΠN (z) = M [zN ]− òâiðíà ôóíêöiÿ âèïàäêîâî¨ âåëè÷èíè N.

Ñóìiñíà òâiðíà ôóíêöiÿ (10) äîçâîëÿ¹ îäåðæàòè ìàðãiíàëüíi òâiðíi ôóíêöi¨ ëi-
÷èëüíèõ ìið:
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ΠN(Bj
X)(zj) = M [zN(Bj

X)
j ] = ΠN (zjµ1(B

j
X) +

s∑

t=1,t 6=j

µ1(Bt
X))(j = 1, s),

Π
N(B

j1
X ),...,N(B

jh
X )

(zj1 , ..., zjh
) = M

[
z

N(B
j1
X )

j1
...z

N(B
jh
X )

jh

]
=

= ΠN




h∑
t=1

zjt
µ1(B

jt

X) +
s∑

t=1,t 6=j1,...,jh

µ1(Bt
X)


 ,

äå 1 ≤ j1 < ... < jh ≤ s, h = 1, s, òà ¨õ ïîõiäíi: .

Π(h)

N(Bj
X)

(1) = µh
1 (Bj

X)Π(h)
N (1), (11)

∂h
{

Π
N(B

j1
X ),...,N(B

jh
X )

(zj1 , ..., zjh
)
}

∂zj1 . . . ∂zjh

∣∣∣∣∣
zjk

=1,k=1,h

= µ1(B
j1
X )...µ1(B

jh

X )Π(h)
N (1), (12)

äå Π(h)
N (·)− ïîõiäíà ïîðÿäêà h òâiðíî¨ ôóíêöi¨ ΠN (·).

Ââåäåìî ïîçíà÷åííÿ òàêèõ ìîìåíòíèõ ìið ÓÒÏ D̃ :
ν

(h)
eD (Bj

X) = M
[
Nh(Bj

X)
]
− ìîìåíòíà ìiðà ïîðÿäêó h(h = 1, 2, ...),

ν
(h)
eD (Bj1

X × ...×Bjh

X ) = M
[
N(Bj1

X )...N(Bjh

X )
]
− çìiøàíà ìîìåíòíà ìiðà ïîðÿäêó h,

α
(h)
eD (Bj

X) = M
[
N [h](Bj

X)
]

= M [N(Bj
X)(N(Bj

X)−1)...(N(Bj
X)−h+1)]− ôàêòîðiàëüíà

ìîìåíòíà ìiðà ïîðÿäêó h,

ν
(2)
eD (Bj1

X × Bj2
X ) = M

[
N(Bj1

X )N(Bj2
X )

]
− çìiøàíà ìîìåíòíà ìiðà äðóãîãî ïîðÿäêó

(1 ≤ j1, j2 ≤ s, j1 6= j2),

D(N(Bj
X)) = ν

(2)
eD (Bj

X)−
[
ν

(1)
eD (Bj

X)
]2

− äèñïåðñiÿ ëi÷èëüíî¨ ìiðè N(Bj
X),

cov
[
N(Bj1

X ), N(Bj2
X )

]
= ν

(2)
eD (Bj1

X ×Bj2
X )− ν

(1)
eD (Bj1

X )ν(1)
eD Bj2

X )− êîâàðiàöiéíà ìiðà çàëå-
æíîñòi ìiæ ëi÷èëüíèìè ìiðàìè N(Bj1

X ) i N(Bj2
X )(1 ≤ j1, j2 ≤ s; j1 6= j2).

Îñêiëüêè

ν
(h)
eD (Bj1

X × ...×Bjh

X ) =
∂h

{
Π

N(B
j1
X ),...,N(B

jh
X )

(zj1 , ..., zjh
)
}

∂zj1 . . . ∂zjh

∣∣∣∣∣
zj1=1,...,zjh

=1

,

α
(h)
eD (Bj

X) = Π(h)

N(Bj
X)

(1), ν
(1)
eD (Bj

X) = M [N(Bj
X)] = Π′

N(Bj
X)

(1),

ν
(2)
eD (Bj

X) = M [N2(Bj
X)] = Π′′

N(Bj
X)

(1) + Π′
N(Bj

X)
(1),

D(N(Bj
X)) = Π′′

N(Bj
X)

(1)−
{

Π′
N(Bj

X)
(1)

}2

+ Π′
N(Bj

X)
(1),

ν
(2)
eD (Bj1

X ×Bj2
X ) =

∂2
{

Π
N(B

j1
X ),N(B

j2
X )

(zj1 , zj2)
}

∂zj1∂zj2

∣∣∣∣∣
zj1=1,zj2=1

,

òî, âðàõîâóþ÷è çíà÷åííÿ ïîõiäíèõ (11), (12), îá÷èñëþ¹ìî ìîìåíòíi õàðàêòåðèñòèêè
ÓÒÏ D̃ = (E , X, P ) òî÷îê ïîëîæåíü:

ν
(h)
eD (Bj1

X × ...×Bjh

X ) = µ1(B
j1
X )...µ1(B

jh

X )Π(h)
N (1), (13)
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α
(h)
eD (Bj

X) = µh
1 (Bj

X)Π(h)
N (1), ν

(1)
eD (Bj

X) = µ1(B
j
X)Π′N (1), (14)

ν
(2)
eD (Bj

X) = µ2
1(B

j
X)Π′′N (1) + µ1(B

j
X)Π′N (1), (15)

ν
(2)
eD (Bj1

X ×Bj2
X ) = µ1(B

j1
X )µ1(B

j2
X )Π′′N (1), (16)

D(N(Bj
X)) = µ2

1(B
j
X)[Π′′N (1)− {Π′N (1)}2] + µ1(B

j
X)Π′N (1), (17)

cov[N(Bj1
X ), N(Bj2

X )] = µ1(B
j1
X )µ1(B

j2
X )[Π′′N (1)− {Π′N (1)}2]. (18)

Çàóâàæåííÿ 4.1. ßêùî s = 2, òî iç ôîðìóëè (10) îäåðæó¹ìî ñóìiñíó òâiðíó ôóíêöiþ
ëi÷èëüíèõ ìið N(B1

X) i N(B2
X) : ΠN(B1

X),N(B2
X)(z1, z2) = ΠN (z1µ1(B1

X) + z2µ1(B2
X)) i

ìàðãiíàëüíi òâiðíi ôóíêöi¨ âèïàäêîâèõ âåëè÷èí N(B1
X), N(B2

X) [25]

ΠN(B1
X)(z1) = ΠN(B1

X),N(B2
X)(z1, 1) = ΠN (1 + µ1(B1

X)(z1 − 1)),

ΠN(B2
X)(z2) = ΠN(B1

X),N(B2
X)(1, z2) = ΠN (1 + µ1(B2

X)(z2 − 1)).

Îñêiëüêè m[2] = M [N [2]] = Π′′N (1), M [N(B1
X)] = Π′

N(B1
X)

(1) = µ1(B1
X)Π′N (1),

M [N(B2
X)] = Π′

N(B2
X)

(1) = µ1(B2
X)Π′N (1), òî iç ôîðìóëè (9) ìà¹ìî

cov[N(B1
X), N(B2

X)] = µ1(B1
X)µ1(B2

X)[Π′′N (1)− {Π′N (1)}2]. (19)
Çàóâàæåííÿ 4.2. [21] ßêùî äîâiëüíà ñêií÷åííà ïîñëiäîâíiñòü îáìåæåíèõ âèìiðíèõ
ìíîæèí B1

X , ..., Bs
X ïðîñòîðó X, ùî ïîïàðíî íå ïåðåòèíàþòüñÿ, íå ¹ ðîçáèòòÿì ïðî-

ñòîðó X(
s⋃

j=1

Bj
X 6= X), òî ñóìiñíà òâiðíà ôóíêöiÿ

ΠN(B1
X),...,N(Bs

X)(z1, ..., zs) = ΠN




s∑

j=1

(zj − 1)µ1(B
j
X) + 1


 . (20)

Ó âèïàäêó ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè ïî îäíîðiäíîìó çàêîíó Ïóàññîíà ç ïàðà-
ìåòðîì λ ñóìiñíà òâiðíà ôóíêöiÿ (20) ìà¹ âèãëÿä [24]:

ΠN(B1
X),...,N(Bs

X)(z1, ..., zs) = exp{
s∑

j=1

λµ1(B
j
X)(zj − 1)}. (21)

5. Ïðîñòèé çìiøàíèé åìïiðè÷íèé ïóàññîíiâñüêèé âèïàäêîâèé ÓÒÏ

Ïîáóäó¹ìî âèïàäêîâó åìïiðè÷íó ëi÷èëüíó ìiðó N(BX) ÓÒÏ D̃ = (E , X, P ) :

N(BX) = N(E, BX) = card[E
⋂

BX ] =
ν∑

i=1

IBX (xi) (BX ∈ EX).

Òåîðåìà 5.1. [20]. ßêùî
1. Îá'¹ì âèáiðêè ν = ν(ω) = N ïðîñòîãî çìiøàíîãî åìïiðè÷íîãî ÓÒÏ D̃ =

(E , X, P ) ¹ âèïàäêîâà âåëè÷èíà, ùî ðîçïîäiëåíà ïî îäíîðiäíîìó çàêîíó Ïóàññîíà ç
ïàðàìåòðîì λ :

Pν{ν = k} = P{N = k} =
λk

k!
e−λ(k = 0, 1, 2, ...);

2. Âèïàäêîâà âåëè÷èíà ν íåçàëåæíà âiä âèïàäêîâèõ âåëè÷èí {xi(ω); i = 1, ν(ω)};
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3. {Bj
X : j = 1, s, s ≥ 2}− äîâiëüíà ñêií÷åííà ïîñëiäîâíiñòü îáìåæåíèõ âèìiðíèõ

ìíîæèí ïðîñòîðó X, ùî ïîïàðíî íå ïåðåòèíàþòüñÿ, òî
1*. Åìïiðè÷íà ëi÷èëüíà ìiðà N(Bj

X)(j = 1, s) ðîçïîäiëåíà ïî çàêîíó Ïóàññîíà iç
ïàðàìåòðè÷íîþ ìiðîþ λµ1(B

j
X) :

P{N(Bj
X) = kj} =

[λµ1(B
j
X)]kj

kj !
e−λµ1(B

j
X),

äå µ1(B
j
X) = Px(Bj

X), kj = 0, 1, 2, ...;
2*. Åìïiðè÷íi ëi÷èëüíi ìiðè N(B1

X), ..., N(Bs
X) ¹ íåçàëåæíèìè â ñóêóïíîñòi âè-

ïàäêîâèìè âåëè÷èíàìè:

P{N(Bj
X) = kj , j = 1, s} =

s∏

j=1

P{N(Bj
X) = kj}.

Äîâåäåííÿ. Äîâåäåìî ïåðøå òâåðäæåííÿ, âèêîðèñòîâóþ÷è ôîðìóëó ïîâíî¨ éìîâið-
íîñòi i áiíîìiàëüíèé çàêîí ðîçïîäiëó (2).

P{N(Bj
X) = kj} =

∑

n≥kj

P{N(Bj
X) = kj |N = n}P{N = n} =

=
∑

n≥kj

Ckj
n µ

kj

1 (Bj
X)(1− µ1(B

j
X))n−kj

λn

n!
e−λ =

=
∑

(n−kj)≥0

n!
kj !(n− kj)!

µ
kj

1 (Bj
X)(1− µ1(B

j
X))n−kj

λn−kj λkj

n!
e−λ =

=
[λµ1(B

j
X)]kj

kj !
e−λ

∑

m≥0

[λ(1− µ1(B
j
X))]m

m!
,

m = n− kj . Îñêiëüêè
∑

m≥0

[λ(1−µ1(B
j
X))]m

m! = eλe−λµ1(B
j
X), òî

P{N(Bj
X) = kj} =

[λµ1(B
j
X)]kj

kj !
e−λµ1(B

j
X).

Â öüîìó âèïàäêó òâiðíà ôóíêöiÿ ëi÷èëüíî¨ ìiðè N(Bj
X) ìà¹ âèãëÿä [24]:

ΠN(Bj
X)(zj) = exp{λµ1(B

j
X)(zj − 1)}. (22)

Äëÿ äîâåäåííÿ äðóãîãî òâåðäæåííÿ âèêîðèñòà¹ìî ñóìiñíó òâiðíó ôóíêöiþ (21)
ïóàññîíiâñüêèõ ëi÷èëüíèõ ìið {N(Bj

X), j = 1, s} :

ΠN(B1
X),...,N(Bs

X)(z1, ..., zs) = exp{
s∑

j=1

λµ1(B
j
X)(zj − 1)} =

s∏

j=1

ΠN(Bj
X)(zj). (23)

Îñêiëüêè ñóìiñíà òâiðíà ôóíêöiÿ (23) ðîçêëàäà¹òüñÿ â äîáóòîê òâiðíèõ ôóíêöié
(22) êîìïîíåíò, òî N(B1

X), ..., N(Bs
X)− íåçàëåæíi â ñóêóïíîñòi âèïàäêîâi âåëè÷èíè

[25].
¤

Çàóâàæåííÿ 5.1. Àíàëîãi÷íi ðåçóëüòàòè îäåðæó¹ìî òàêîæ ó âèïàäêó, êîëè
s⋃

j=1

Bj
X =

= X(Bi
X

⋂
Br

X = ∅, 1 ≤ i, r ≤ s, i 6= r).
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Îçíà÷åííÿ 5.1. Âèïàäêîâèé ïðîöåñ D̃ = (E , X, P ), ùî çàäîâoëüíÿ¹ òåîðåìó 4.1,
íàçèâàòèìåìî ïðîñòèì çìiøàíèì åìïiðè÷íèì ïóàññîíiâñüêèì ÓÒÏ òî÷îê ïîëîæåíü
â ÎÏ (X, AX ,BX).

Íàñëiäîê 5.1. Ðîçïîäiëåíié ïî îäíîðiäíîìó çàêîíó Ïóàññîíà ç ïàðàìåòðîì λ âè-
ïàäêîâié âåëè÷èíi N âiäïîâiäà¹ òâiðíà ôóíêöiÿ ΠN (z) = exp{λ(z− 1)}, ïîõiäíi ÿêî¨
ìàþòü âèãëÿä: {Π(h)

N (1) = λh : h = 1, 2, ..., }; òîìó iç ôîðìóë (13) - (18) îäåðæó¹ìî:

ν
(1)
eD (Bj

X) = λµ1(B
j
X), (24)

ν
(h)
eD (Bj1

X × ...×Bjh

X ) = λhµ1(B
j1
X )...µ1(B

jh

X )) = ν
(1)
eD (Bj1

X )...ν(1)
eD (Bjh

X ), (25)

α
(h)
eD (Bj

X) = λhµh
1 (Bj

X) =
[
ν

(1)
eD (Bj

X)
]h

, (26)

ν
(2)
eD (Bj

X) = λ2µ2
1(B

j
X) + λµ1(B

j
X), (27)

ν
(2)
eD (Bj1

X ×Bj2
X ) = λ2µ1(B

j1
X )µ1(B

j2
X ), (28)

D(N(Bj
X)) = λµ1(B

j
X), cov[N(Bj1

X ), N(Bj2
X )] = 0. (29)

Çàóâàæåííÿ 5.2. ßêùî âèïàäêîâà âåëè÷èíà N ìà¹ ñêëàäíèé ðîçïîäië Ïóàññîíà ç
òâiðíîþ ôóíêöi¹þ ΠN (z) = exp{λ(Π(z) − 1)}, äå Π(z) = q + pz(q = 1 − p)− òâiðíà
ôóíêöiÿ áåðíóëëi¹âî¨ âèïàäêîâî¨ âåëè÷èíè ç ïàðàìåòðîì p [25], òî ñóìiñíà òâiðíà
ôóíêöiÿ ëi÷èëüíèõ ìið {N(Bj

X), j = 1, s}, äëÿ ÿêèõ
s⋃

j=1

Bj
X = X, Bi

X

⋂
Br

X = ∅

(1 ≤ i, r ≤ s, i 6= r), ìà¹ âèãëÿä:

ΠN(B1
X),...,N(Bs

X)(z1, ..., zs) = exp{
s∑

j=1

λpµ1(B
j
X)(zj − 1)}.

6. Çìiøàíèé åìïiðè÷íèé íåãàòèâíèé áiíîìiàëüíèé âèïàäêîâèé ÓÒÏ
Íåõàé îá'¹ì âèáiðêè ν = ν(ω) = N ¹ âèïàäêîâà âåëè÷èíà, ùî ðîçïîäiëåíà ïî

íåãàòèâíîìó áiíîìiàëüíîìó çàêîíó ç ïàðàìåòðàìè α, p [24, 26]:

Pν{ν = k} = P{N = k} = Ck
α+k−1p

αqk(k ∈ Z+; q = 1− p),
ìà¹ òâiðíó ôóíêöiþ ΠN (z) = pα(1− qz)−α òà íåçàëåæía âiä âèïàäêîâèõ âåëè÷èí

(1). Øëÿõîì åëåìåíòàðíèõ ïåðåòâîðåíü ΠN (z) ìîæíà ïîäàòè â çðó÷íiøîìó âèãëÿäi:

ΠN (z) =
pα

[p + q(1− z)]α
=

1
[1 + β(1− z)]α

(
β =

q

p
> 0

)
. (30)

Îçíà÷åííÿ 6.1. Âèïàäêîâèé ïðîöåñ D̃ = (E ,X, P ) íàçèâàòèìåìî ïðîñòèì çìiøàíèì
åìïiðè÷íèì íåãàòèâíèì áiíîìiàëüíèì ÓÒÏ â ÎÏ (X, AX , BX), ÿêùî îá'¹ì âèáiðêè
N ¹ âèïàäêîâà âåëè÷èíà, ùî ðîçïîäiëåíà ïî íåãàòèâíîìó áiíîìiàëüíîìó çàêîíó.

Òîäi iç ôîðìóë (10), (13)- (18) i (30) îäåðæó¹ìî:

ΠN(B1
X),...,N(Bs

X)(z1, ..., zs) =


1 + β

s∑

j=1

µ1(B
j
X)(1− zj)



−α

, (31)

ΠN(Bj
X)(zj) = [1 + βµ1(B

j
X)(1− zj)]−α (j = 1, s), (32)
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ν
(h)
eD (Bj1

X × ...×Bjh

X ) = βh
h∏

i=1

(α + i− 1)µ1(B
j1
X )...µ1(B

jh

X ),

α
(h)
eD (Bj

X) = βh
h∏

i=1

(α + i− 1)µh
1 (Bj

X), ν
(1)
eD (Bj

X) = αβµ1(B
j
X),

ν
(2)
eD (Bj

X) = αβµ1(B
j
X)[(α + 1)βµ1(B

j
X) + 1],

ν
(2)
eD (Bj1

X ×Bj2
X ) = α(α + 1)β2µ1(B

j1
X )µ1(B

j2
X ),

D(N(Bj
X)) = αβµ1(B

j
X)[βµ1(B

j
X) + 1],

cov[N(Bj1
X ), N(Bj2

X )] = αβ2µ1(B
j1
X )µ1(B

j2
X ) (1 ≤ j1, j2 ≤ s, j1 6= j2). (33)

Àíàëiç ôîðìóë (31) - (33) äà¹ ìîæëèâiñòü çðîáèòè òàêi âèñíîâêè:
à) ëi÷èëüíi ìiðè N(B1

X), ..., N(Bs
X) óòâîðþþòü ñóêóïíiñòü âçà¹ìíî êîðåëüîâàíèõ

âèïàäêîâèõ âåëè÷èí, êîæíà ç ÿêèõ ðîçïîäiëåíà ïî íåãàòèâíîìó áiíîìiàëüíîìó çà-
êîíó ç ïàðàìåòðàìè βµ1(B

j
X) > 0, α > 0 (j = 1, s).

á) ìiæ ëi÷èëüíèìè ìiðàìè N(Bj1
X ), N(Bj2

X ) iñíó¹ ïîçèòèâíèé êîâàðiàöiéíèé çâ'ÿ-
çîê.
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