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On representations of the semigroups
S(I,J) with acyclic quiver

In this paper we study representations of semigroups (over a field k) gen-
erated by idempotents with partial null multiplication in the case when
the corresponding quiver has not oriented cycles.

We will use the definitions, notions and conventions of [1]. The
main of them will be repeated.

Let I be a finite set without 0 and J a subset of I x I without
elements of the form (i,7). We define S(I,J) to be the semigroup
with generators e;, where ¢ runs through all elements of U0, and
the following relations:

1) €y = O;
2) e = ¢, for every i € I
3) eie; = 0 for every pair (7,7) € J.

The set of the semigroups of the form S(I,J) is denoted by Z.
We call S(I,J) € Z a semigroup generated by idempotents with
partial null multiplication.
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For a finite set X and Y C X x X, we denote by Q(X,Y") the
quiver with vertex set X and arrows a — b, (a,b) € Y. We also
put

Y ={(a,b) € (X x X)\ Y |a # b}

Throughout, k denotes a field.

Let S be a semigroup. A matriz representation of S (of de-
gree n) over k is a homomorphism 7" from S to the multiplicative
semigroup of M, (k). If there is an identity (resp. zero) element
a € S, we assume that the matrix T'(a) is identity (resp. zero).
In terms of vector spaces and linear transformations, a represen-
tation of S over k is a homomorphism ¢ from S to the multi-
plicative semigroup of the algebra EndiU with U being a finite-
dimensional vector space. Two representation ¢ : S — EndiU
and ¢’ : S — End,U’ are called equivalent if there is a linear map
o : U — U’ such that po = ¢'.

A representation ¢ : S — EndiU of S is also denoted by (U, ¢).
By the dimension of (U, ) one means the dimension of U. The
representations of S form a category which will be denoted by
rep, S (it has as morphisms from (U, ) to (U’,¢) the maps o
such that po = ¢').

In this paper we study representations of semigroups S(I,.J)
over k in the case when the quiver Q(I,J) is acyclic, i.e. has not
oriented cycles.

Recall the notion of representations of a quiver [2].

Let Q = (Qo, Q1) be a finite quiver with the set Qg of its vertices
and the set Q1 of its arrows o : x — ¥.

A representation of the quiver Q = (Qo, Q1) over a field k is
given by a pair R = (V,~) formed by a collection

V=A{V,]z € Qo}
of vector spaces V,, and a collection
v ={Ya|@:x — yruns through @Q; }

of linear maps v, : V; — V,,. A morphism from R = (V,7) to
R = (V',4') is a collection A\ = {\;|z € Qp} of linear maps
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Az @ Vp — VI, such that v, Ay = Ay, for any arrow a : z — y.
The category of representations of @ = (Qo, Q1) will be denoted
by rep, Q.

A linear map o« of U = U1 @ ..U, into V = V1 & ...V, is
identified with the matrix (cy;), ¢ =1,...,p, 7 = 1,...,q, where
ajj : U; — Vj are the induced linear maps.

Let S = S(I,J) with I = {1,2,...,m}. Define the functor

F:F(I,J)reka(I,j)—ureka(I,J)

as follows. F' = F(I,J) assigns to an object (V,7) € rep, Q(I,J)
the object (V/,~') € rep,, S(I,J), where

V/ = @iEI‘/ia
(V'(e))j; = Ly, if i = j, (y'(e0))ij = i if (i,5) € J, and
(7'(ei))js = 0 in all other cases. F assigns to a morphism X

of repy, Q(I,J) the morphism ®;cs\; of rep; S(I,J).

In [1] the first author proved that the functor F' = F(I,J) is
full and faithful (see the only theorem).

From this theorem it follows that a semigroup S(I,J) is wild if
so is the quiver Q(I,J) (the general definitions of tame and wild
classification problems are given in [3].

In this paper we prove the following theorem.

Theorem 1. Let S(I,J) be a semigroup from I such that the
quiver Q(I,J) is acyclic.

Then each object of the category repy S(I,J) is isomorphic to
an object of the form XF(I,J) & (W,0), where X € rep;, Q(I,J)

and W is a vector space of dimension d > 0.
Proof. For simplicity, the quiver Q(I,.J) is designated by
Q = (QO) Ql)

We use the induction on m; the case m = 0,1 are trivial.

Now let m > 1 and R = (U, ¢) be a representation of S(I,.J).
Fix s € Qo such that there is no arrow i — s; we will assume (with-
out loss of generality) that s = m. Consider the subsemigroup S’
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of S generated by e;, i € I’ U0, where I’ = {1,...,m — 1}. Then
S"=S(I',J") with
J ={@,j) eI xI|ijel},
and Q' = Q(I',J') is the full subquiver of Q with vertex set Q) =
I.
Denote by R = (U, ¢') the restriction of R to S" (¢'(z) = ¢(x)
for any = € S’). It follows by induction that

R =R =X'F(I'.J") & (W'0),

where X' is a representation of the quiver Q(I’ J).
Let R = (U, ') and X' = (V',4') with V' = {V/ i € Q}} and

v ={v,|a:i— jruns through Q) }.
Since R’ = R/, there exists a linear map
c:U—-U=V/oVsd...0V,_ oW

such that ¢’o = ¢/. Then the representation R = (U, ¢) is equiv-
alent to the representation R = (U, %), where %(e;) = ¢/(e;) for
any i = 1,...,m — 1 and @(e,,) = p(em)o (since, for i # m,
¢ (e;) = ¢'(e;)o = ple;)o, and so @(x) = ()0 for each z € 9).
We consider the representation R = (U, %) in more detail. Put
Vi = W’ and consider @ as a matrix, taking into account that

U=VioVa®...0Vym1® Vp.
For (p,q) € J, we denote by [p,q,1, j| the scalar equality

[@(ep)a(eq)]ij =0,

induced by the (matrix) equality % (e,)P(eq) = 0 (the last equation
holds since e,e, = 0in S(I,J)). It follows from [m, ¢, 4, ¢] (for any
fixed g # m) that (@(em))iqg = 0, and consequently (@(em))ij = 0
for any (i,7) e I x I'.

We first consider two special cases:

a) Brm = 0;

b) =1=1v,.

@mm
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In case a) (p)? = @ implies = 0 and so
R=XF(I,J)® (W,0)
with X = (V,~), where V = {V] ...,V 1,0}, 7o = v, fora € Q7,
Yo =0 for o ¢ Q) and W = W',
In case b) an equality [p,m,p,m] for (p,m) ¢ J implies
(@)pm =0
and so
R=XF(I,J)o (W 0)

with X = (V,~), where V. ={V{ ..., V! | 0}, vo =7, for a € Q},
Yo =0 for o ¢ Q) and W = W',
Now we consider the general case. Since (B,,,,)> = Byms

is an invertible map v = (v1,19) : V,,, — W1 @ Wa such that

_ 1 0
QDmm(Vl,l/Q):(l/l,VQ)< 0 0 )7

there

where 1 = 1y,. Then the representation R’ = (U, ') is isomor-
phic to the the representation R’ = (U, ¢’), where

~

U=000:0...®Unn

with U; = Vi for i = 1,. m—1, Un = Wi, Upy1 = W,
Pler) = le) for i = 1,...m =1, (¢ (em))ij = (¥(em))is
fOI‘(]) I' x I, (@(em))”—OforZ—mm—i-ljel/
))m mj = =1=1w, (90 (em»m m+1 = 0, ( (em))m—l—lm =0,
(go (em))mH m+1 = 0 (for instance, one can take the isomorphism
G R — R with © ( ) w~ YR 11, where i = lyl@ Bly, .
From (A’(ei))2 = gp( Z) it follows that ¢'(ep))im+1 = 0 for
any i € I' (see the partial case a)); (then Q/O\,(em))i’m_Fl = 0 for
any @ = 1,...,m + 1). From the scalar equalities [p, m,p, m] for
(p,m) ¢ J implies (®)pm = 0 (see the partial case b)). Thus,

R=(U,9)=R=(U,g)
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has the form XF(I,J) & (W,0), where X = (V,~) with V =
{Ui i € Qo}, v = {Va| @ : i — j runs through Q1 } with v, = 7,
for o € Q), 7o = P(em)ij for a ¢ Q) (then j = m), and

W - Wm+1,

as claimed.

Let repy S(I,J) denotes the full subcategory of the category
rep;, S(1,J) consisting of all objects that have no objects (W,0),
with W # 0, as direct summands.

Then from the Theorem of [1] and Theorem 1 it follows the
following statement.

Theorem 2. Let S(I,J) be as in Theorem 1. Then the functor
F =F(1,J), viewed as a functor fromrep, Q(I,J) torepy S(I,J),
s an equivalence of categories.

From this theorem it follows that a semigroup S(/, /) and the
quiver Q(I, J have the same representation type (in the case when
Q(I,J is acyclic).
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