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OOCNIMKEHHA BUPOBHNYUX ®YHKLIN
KOMMJIEKCHOI 3MIHHOI

AHOTALUIA. Y cTaTTi po3rnggaeTbCst iCTOPUYHUI PO3BUTOK KOMMIEKC-
HWUX YnCen i NPOMNOHYETLCSA OOCNIMKEHHA BUPOOHUYMX (DYHKUIA 3a Oo-
NOMOTOK MpeacTaBNeHHs Yy BUMSAAI PYHKLUIN KOMMSEKCHMX 3MiHHUX.
[na gemoHcTpauii geskux npuknagiB BUKOPUCTAHO MakeT nporpam
Mathematica 8. [doBegeHo, WO BMPOBHMYI pyHKLIT KOMMNNEKCHOro
3MIHHOrO MatoTb MPaBO Ha iCHYBaHHSA i 3HAYHO PO3LUMPIOOTL IHCTPY-
MeHTanbHy 6a3y gocnigHuka.

KNKOYOBI CJTOBA: komnnekcHi uucna, Mathematica 8, BMpOGHWYI
YHKLii KOMMMEKCHOro 3MiHHOrO.

AHHOTALIMNA. B ctaTbe paccmaTpuBaeTCs UCTOpPUYECKOE pasBuUTUe
KOMMSIEKCHbIX YMCeN 1 npeanaraeTcs uccrnegoBaHne npon3BoACTBEH-
HbIX (OYHKLUMIA C NOMOLLBIO NpeacTaBneHns B Buae OYHKUUA KOMMNEK-
CHbIX MepeMeHHbIX. [na AeMOHCTpaLMmM HEKOTOPbLIX MPUMEPOB UCMO-
ne3yetca naket nporpamm Mathematica 8. [JokasaHo, 4TO Npom3Boa-
CTBEHHbIE (OYHKLMN KOMMIEKCHOINO MEPEMEHHON0 MMEKT NnpaBo Ha
CyLLLEeCTBOBAHME U 3HAYUTENBHO PaCLUMPAOT MHCTPYMEHTanNbHyo 6asy
nccnegosaTens.

KINMHOYEBBIE CJIOBA: komnnekcHble uyucna, Mathematica 8, npowus-
BOACTBEHHbIE PYHKLMMN KOMMIIEKCHOrO NEPEMEHHOTO.

ANNOTATION. The paper considers the historical development of
complex numbers and proposed research production functions using
the representation in the form of functions of complex variables. To
demonstrate some examples will use the software package
Mathematica 8. Proved that the production functions of complex
variables have a right to exist and significantly expand the
instrumental basis of the researcher.
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ITocranoBka npoodjemu. CyqacHHUN anapar IUIaHYBaHHS BUKOPH-
CTOBY€E BEIIHKY KUIBKICTh METOAIB — OallaHCOBI METOAM, METOJH OIl-
TUMI3allii, METOaN Teopii irop, TUHAMIYHOTO MOJEIIOBAHHSA 1 T. II.
0co0JMBe MicCIle Y HhOMY 3aiiMalOTh METOJIH, 10 0a3yIOTHCS Ha MOJIe-
JIIOBaHHI BUPOOHUYHUX TPOIIECIB, Y MEPITy yepry — BUPOOHHU1 QyHK-
1ii, 3a JTOIIOMOI'OK SIKMX MOJKJIUBO 3IIMCHUTH OaraToBaplaHTHI pO3-
pPaxyHKH 3 METOI0 TOMIyKYy HalKpamoro MO€IHAHHS BHPOOHUYHMX
pecypciB.

BupoOnnumii ¢yHKITIT BiqoMi BKe JaBHO, iX apceHaN JOCTATHBO
HIMPOKUH, aje 31 BCi€l CyKYNMHOCTI HalyacTillle BUKOPUCTOBYIOTh BU-
pobuuuy ¢ynkmiro Ko66a—/lyrmaca. Bupinrytouun psig BaxJIMBHX 3a-
BJIaHb, BOHA, BCC )K TaKH OOMEKCHA B CBOEMY HpaKTHIHOMY 3aCTOCY-
panmi. Came TOMy CKOHOMICTH aJialiTyloTh ii /|0 pI3HHX 3aBJaHb,
HaMararoTbCs 3allpONOHyBaTH ii HOBI Moaudikamii. OueBUIHO, 110
TaKUW MIIX11 CIPHUSE PO3BUTKY IHCTPYMEHTAIBLHOTO DSy TEOpil BU-
pobHMYOI QYHKIIIT, ajie He cTpHsI€ 11 IKICHOMY 3pOCTaHHIO.

‘Bukopucranus B Teopii BUpOOHMYMX (YHKLIH KOMILICKCHHX
3MIHHUX HE TUIBKH PO3IIUPIOE IHCTPYMEHTATIbHY 0a3y Teopu BUPOO-
HUYMX (YHKIIH 38 paXyHOK 3aCTOCYBaHHs HOBHX MOJeIeii, aje 1 Bii-
KpPHBAa€ HOBI MOJKJIMBOCTI, OCKUIBKH BIA€THCS 3HANTH 3aJICXKHICTh
JIBOX Map KOMIUIEKCHUX 3MIHHUX OJMH BiJl OTHOTO — KOMIUIEKCHOTO
pe3yNbTaTy Bill KOMIUIEKCHHX BUTpAT PecypciB, a B 00iacTi JiHCHUX
YHCEeJ TAKOTO Pe3yJIbTaTy JOOUTHUCS HE BAACTHCA.

AHai3 0CHOBHMX JisKepeJsi. Po3mmpenHs MHOKHWHHA JIMCHUX YH-
Ccell, sIKe MOB’s3aHe 3 MOSBOI0 KOMIUIEKCHHUX YHCel, 0yi0 00yMOBIeHE
BHYTPIIIHBOIO JIOTIKOIO PO3BUTKY MAaTEMATUKH: B ajareopi y 3B 53Ky 3
NOOyBaHHSIM  KBaJIpaTHOTO KOpeHs 3 BII'€MHUX 4YHcel Ta
PO3B’sI3aHHAM KyOI4HUX DIBHSHB mpuBeno y X VI cr. 1o cucremMu HO-
BUX YKCEJI BUTJISIAY a+bJ-1; a,peR [1].

JI. Eiinep (1707—1783) y xHu3i: «BcTyn 10 MareMaTUYHOTO aHa-
ni3y» (1746) BBIB MO3HAYCHHS J-1=i1a MPUIHSB Ha3BY: [ — ysIBHA
(ifmaginarius] — ysABHHUI) OIMHMIIL, 3amnporioHoBany P. JlekapTom.
JI. Eiinep posrisgae HOBI ysIBHI 4ucia BHTJIATY a+bi; a,peR, 5K
CHMBOJIH, IO HE MAIOTh HIKOIO CMHCIY, Ha SIKi IHIYKTHBHO IOLIH-
PIOIOTHCS BCl TpaBmIIa JiH Ta iX BIACTHBOCTEH 3 AIHCHUMU YHCIAMU.

MuHy0 MaiiKe IBICTI POKIB IICI/Isi BBEACHHS ySIBHUX YHCEI B ajl-
reOpy 1 sIK BOHU JiCTaJIM MIMPOKE MOUIMPEHHS Y MaTEMATHI Ta 3aCTO-
cysanHi. Himenbkuii maremaruk K. 'ayce (1777—1855), Hanpukinui
XVIII cT. cTBOpIOE HA €BKIIAOBIHM TJIONIMHI TE€OMETPUUHY IHTEpIpe-
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TaIlio YABHUX 9HCeN Yy mpani «Teopis 61KBaI[paTHI/IX BEITMYHH
(1799). V cBoilt mpani «ApudmeTnyHi Teopii KOMIUIEKCHHX YHCEID»
(1806, 1825, 1831), K. I'aycc, po3rigmarouu cooci0 iHTepHpeTarlii
YVSBHUX 4YHCEJ, Ha3BaB IX BIEpIIe KOMIUICKCHUMH 4YHcIamMH (Jiar.
complexus — 00’€HaHHS) 1 3aCTOCYBaB I'€OMETPUYHE TIyMauyeHHS
KOMIIEKCHUX THCEN 110 PO3B’sI3aHHS POOIEMHNX FCOMCTPHIHHX 3a-
Jiad, 30KpeMa, TIpo PO3B’S3HICTh MOOYA0BH NMPABHIIBHUX MHOIOKY THH-
KiB; 1[0 00YMOBHUJIO MMOYATOK 3aCTOCYBAHHS KOMIUICKCHUX uncen [2].

I[o cepeuHH XIX cT. ycTaHOBUBCS PCAIbHHM 3MICT PO KOMILIE-
KCHI 4nclia 1 3°BWJIOCh HaMaraHHs MOJAJIBIIOT0 iX y3aralnbHEHHS Ha
TPUBUMIPHUH TIPOCTIp.

Ipnanncekmii matematuk Y. P. Tamineron (1805—1865) posris-
Ja€ CUCTeMy 4YHCell a 3 YOTHpPMa OJIWUHUIIMH: OJHA JilcHA
ip=11Tpu ysSBHUX i, j, K, IKa BU3HAYA€TbCS YHOPSIKOBAHOIO YETBIp-
KOIO JIMCHUX Yucel — q,,a,,d,,d4; €R : a=ayi,+aji+a,j+ak, 1 Ha-
3BaB i1 KBaTepHiIOHaMH (J1aT. quatern — 4OTHPH). BimkpuTTs kBaTep-
HIOHIB SIBUJIOCH IMITYJIBCOM JUISI CTBOPEHHS PS/Iy BaXKJIMBUX PO3ILTIB
Cy4acHOi MaTeMaTHKH, 30Kpema, Teopii MarpHilb, GaraToBUMIpHOI
reomerpii Ta in. UHciOBA CHCTEMA — YHCIEHHS KBaTePHIOHIB —
3HAMIIA IIUPOKE 3aCTOCYBAHHS B TE€OMETPIi, MexaHlLll TEOPETHYHIi
¢izumi. JlocTaTHRO BKa3aTH, M0 MIOTJIAHJACHKUAN (i3UK 1 MaTeMaTHK
Jbk. K. Makcsenn (1831—1879) B kBatepHionax 3amucas (1860—
1865) cBoi BimoMi piBHSIHHS (piBHSHHSI MakcBea), siKi sIBUITUCH OCHO-
BOIO TEOPil eIEKTPOMarHeTU3My.

Yeepeauni XIX ct. mouanu PO3IIIANATHCSA YUCJIOBI CUCTEMU YUCEI
a3 (n+ 1)-ero oguHULISIMU: i, =1 Ta i,...,i, — ySIBHI OJAMHUIIL, 5IKi 3a-
MUCYIOTBCS 32 JIOTIOMOTOO VHODSI)IKOBaHI/IX TIUCHUX — YHCcen
ay,a,,a,...,a, Y BUTISAL a = ayi, + a,i, + a,i, +...+a,i, , IX Ha3BaJIK Tinep-
KOMIUIEKCHUMH (7 + 1)-TO paHTy; 3a ITUM O3HAYEHHSM, 30KpeMa, KOM-
IJIEKCHI YKCJIa 1 KBATEPHIOHH € T1IEPKOMILIEKCHUMHM YUCIaMU BiJIO-
BiZHO 2-T0 1 4-TO paHry.

3 PO3BUTKOM TeOpPil KOMIUIEKCHUX YHCEN ToYaia PO3BUBATHUCH Te-
opist (hyHKIIH KOMIUTEKCHOI 3MiHHO1, OCHOBH 1i 3akinazeHo y X VII cr.
B ocHoBHOMy mpausmMu JI. Eiinepa. Ilomanpmuid i poO3BHUTOK
3B’ s3anmi 3 npargMu O. Komri, b. Pimana (1826—1866), K. Betiep-
Tpacca [3].

Teopis ¢pyHKINT KOMITIEKCHOT 3MIHHOT 3HAXOIUTh YHCICHHI 3aCTO-
CYBaHHA B aepo-, Fi):['pOMexaHiLIi Teopil lpr)KHOCTi €JICKTPOTEXHIII],
aTOMHIN (i3uLli, y PI3HUX PO3ALIAX TEOPETHYHOI MATCMATUKH TaKHX,
SIK aHATITUYHA Teopis unced, TudepeHIiaibHi piBHSIHHS Ta iH.
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ITocTanoBka 3aga4i. Y poOOTI NMPONOHYETHCS JTOCIIIKEHHS BU-
poOHMYNX (YHKIIIH 32 1OIOMOr00 NPEACTABICHHS y BUIVIAAI QYHKIIIT
KOMIIJIEKCHUX 3MIHHHX HaCTyIITHUM YHUHOM:

z=G+iG=a(K+iL), )

ne C — BUTpaTu BUPOOHUITBA, a G — BaJOBHI MPUOYTOK BiJ BHPO-
OHuITBA. BpoOHMUI pecypcu nmpecTaBiIeHl BUTpaTaMH KaliTaIbHUX
pecypciB K 1 BUTpaTaMu TPYIOBHX pecypciB L, a — KOMIUIEKCHUH
KOEQIIIEHT MPOIMOPIIHHOCTI, b — KOMIUIEKCHHI MTOKA3HUK CTETICHS.

[ToTpibHO 3ayBaXKHUTH, IO BCl CKJIa/JI0BI KOMIUIEKCHUX 3MiHHHX
BUTPAT BUPOOHMUIITBA 1 BAJIOBOrO NPUOYTKY MOBHHHI OyTH NpPHUBE/ICHI
JI0 OJIHHX 1 THX K€ OJMHHIAX BUMIpPY. Jlisi 1(bOro MOKHA CKOpHCTa-
THUCS PI3HUMHU (GOpMYJIaMH HOpMali3amil 3MIHHUX, 1[0 IPUBEAE 10 iX
o0e3po3miproBaHHs [4].

Jlnst 1eMoHCTpanii JesKuX MpUKIaAiB OyJaeMo BHKOPHCTOBYBATH
naker nporpam Mathematica 8, 110 Mae MOTyXHy il TOYHY CHCTEMY
00poOKH 300pakeHb 1 CTBOPCHHI IHTEPaKTHUBHUX IHCTPYMEHTIB LIS
IIBUJIKOTO BUBYCHHS HOBUX ijed. /laHa mporpama BBOJIUTH MOBHUI
HaOip GYHKIINH 118 XyJZ0KHBOI OOpOOKM Ta aHaiizy 300paKeHb,
CKJIa/IaHHS TU(POBOTO 300paKCHHS, CETMEHTaIlli, TIEPETBOPEHHS Yy3-
FO/DKCHHSI, 1 BITHOBJICHHs 300paxkeHb. OOpoOka 300pakeHb BIAPI3HI-
€TBCS BETHKOI0 (DYHKIIOHAIBHICTIO, HANPHUK/IAJ, ABTOMATHIHE PO3IIi-
3HABaHHs 300paxeHb (YHKIUIH, BKIIOYAIOUN KIIOYOBI TOUKH, JiHii,
KyTH, pedpa i Tekctypu [5].

Bukaan ocHoBHOro Matepiamy. Po3risiHemo BUMaaok, Komu Qy-
HK1is (1) micas ctaTucTiaHOT 00poOKM iH(GOpMaIIii TpeaCcTaBIIETHCI
y BUTJISIIL:

z=G+iC=(K+iL)', Ke[-22] Le[-22]. )

3ayBaXxMMO, 110 3HAK MIHYC BHPAXa€ ISl BATPAT BUPOOHHULTBA Ty
CHTYAIlf0, KOJIH BHTPATH TepEBHITYIOTh MOXJINBI 1 TIOTPEOYIOTh 3a—
Ty deHHs JOTMOMDKHUX IHBECTHILH, HANPUKIAA KpeauTyBaHHs [5]. B
TOM K€ Yac 3HAK MIHYC Ul BUTPAT TPYHOBHX PECYpCiB O3HAYa€ He-
crady iX Ha BUPOOHHILTBI 1 CHTYallit0 HEOOXIAHOCTI 3aJly4YeHHS Bijlb-
HUX POOITHHKIB 3 IHIIKMX (ipM HA yMOBax ayTCTa(lery [6].

Ha puc. 1 3o6pa>1<eHo TOBEPXHi: a) MIHCHOI YacTUHU (BUTpAT BU-
POOHHMITBA) Ta ySBHOI YaCTHHH (BUTPAT TPYAOBHX pecypciB), 110 Ja€e
MOYJIUBICTh MPOAHATI3yBaTH OKPEMO IIi /1Bl YAaCTWHHU CKJIaJ0BOI BU-
POOHNYOT PYHKIII].
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\ i 7 %
N Sweaas
...,':Ji‘-' =

1

Puc. 1. TToepxHi:
a) Re= {(K + iL)4}, Ke [— 2,2], Le [— 2,2] Ta
6) Im= {(K + iL)4}, Ke [— 2,2], Le [— 2,2] BUPOOHNYOT QyHKIIT (2)

KOMIUIEKCHOT 3MIHHOT

[HTepec mpenacTaBis€e TOCTIHKEHHS apryMEHTY KOMIUIEKCHOI BH-
poOHUU0i QpyHKii (puc. 2) [4]:

Argz=Arg(K +iL)', K e[-2,2] Le[-2.2]. 3)

Puc. 2. [ToBepxHst aprymeHTy BUpoOHMUOT QyHKIIIT (2)
KOMITJIEKCHOT 3MiHHOT

BupoOHn4i QyHKINT MOXKYTh OYTH TpeCTaBIICHI OUIBII CKJIaTHH-
MU aHAJITHYHUMU BUpa3aMu, Hanpukiaz (puc. 3):
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z=G+iC=arccos(K +iL)', K e[-2,2] Le[-2,2], 3)

Puc. 3. TToepxHi:
a) z=Refarccos(K +iL)'|, K e[-22}Le[-22] ma

0) z= Im{arccos(K +iL)5}, Ke [— 2,2],L € [— 2,2] BUpoOHMYOi (ynkuii (3)
KOMIIIEKCHOI 3MIHHOI,

a6o y Burini (puc. 4):
z=G+iC=arcsin(K +iL), K e[-2,2} Le[-2,2]. “4)

Puc. 4. TloBepxHi:

a) z= Re{arcsin(K +iL) }, Ke [— 2,2],L € [— 2,2] Ta
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0) z= Im{arcsin(K +iL) }, Ke [— 2,2],L € [— 2,2] BUPOOHNYOT QyHKUIT (4).

Takox MOXHa JOCITIKyBaTH 00JacTi BU3HA4YEHHS Ui IOBEp-

XOHb BHPOOHWYHMX (YHKIIH y BWIJISIII HEPIBHOCTEH, SK HAIPHKIIA]
(puc. 5 a), 0), B)):

Re{(K +iL) }> Re{m}
Im{(K +iL) }> R%ﬁ} , Ke[-22]Le[-22]; (6)

, Kel[-22]Le[-22]; (5)

K + i) ) Im{(K :iL)Z}’ Ke[-22}re[-22] )

&

a) 0) B)

Puc. 5. O6nacTi BU3Ha4eHHS AJIs TOBEPXOHb BUPOOHWYMX (DYHKIIIH:
a) i popmyiu (5); 6) 1 hopmynu (6); B) st popmyiu (7)

a6o (puc. 6):

Re{(K +iL) }> Re{

K] } Ke[-2.2]Lel-22]; (8)

Im{(K +iL) }> Re{ ® +11_L)3 } , Kel[-22]Lel[-22]; )

Im{(K +iL)’ }> Im{

Ke[-2.2]Lel[-22]
(K+iL)3}’ ' (19)
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Puc. 6. OGnacTi BU3HaueHHS AJIs TIOBEPXOHb BUPOOHWYMX (DYHKIIIH:
a) i popmyiu (8); 6) 1 bopmynu (9); B) s hopmyiu (10)

Pi3HOMaHITTS MOXJIMBUX BHPOOHMUYUX (YHKIIH KOMIUIEKCHUX
3MIHHHX 30BCIM HE OOMEXYETbCs NPUBEJCHUMHU BUIIE NPHUKIAaMH,
aJDKe ICHYIOTH 1 1HIIN BHAM (QYHKIIH KOMIUIEKCHHX 3MIHHHX: ITOKa3-
HUKOBA, JIOrapu(pMiuHa, TPUroHOMETpUYHa Ta iH. Kpim Toro, nikaBum
BUJIAETHCS JTOCIIPKEHHS KJIACH(IKYIOUYMX BHPOOHUIHX q)yHKum, Ha-
npukiaj, pyukuii Kood6a—/lyrnaca [7, 8]:

G +iC =(a, +ia, K +iK, )" (L+iL,) ™, (11)

ne K — BUTpaTH BIIACHOTO Kamitaia, Kn — BUTpaTH MO3UKOBOTO Ka-
nutaiga, L — BUTpATH Mpalli OCHOBHOTO MepcoHana, L, — BHUTpATH
npalli IHIIMX 3alHATHX HAa BUPOOHMIITBI.

VY Oyap-1KOMY BHIIQJKy MOKHA CTBEpPKYBATH, 10 BUKOPUCTAHHS
€JIEMEHTIB Teopii (YHKIII KOMIUIEKCHOTO 3MIHHOTO B €KOHOMIIll HE
JUIIE MOXJIMBO, ajlie 1 HACTIHHO HEOOXiAHO, OCKITBKH iCTOTHO PO3-
MIMPIOE MOYKJIMBOCTI €KOHOMIKO-MaTeMaTHYHOTO MO/ICTIOBaHHS.

BucHoBku. be3yMOBHO, HIMpOKE 3acTOCYBaHHA Teopil (GyHKIIi
KOMITJICKCHOT 3MIHHOI 3yMOBIIIO€THCSI BHUKIIOUHUM 3HAUYEHHSIM KOM-
TUIEKCHUX YKCEeN Y MaTeMaTHIl.

3ayBa)xnumo, 10 BUpoOHNYA (DYHKITiST KOMITTIEKCHOTO 3MiHHOTO (1)
JI03BOJIsSIE MOJIEIIOBATH IIMKJIIYHI 1 KOJMBaJIbHI MPOLIECH HA BUPOOHHU-
IITBI — KOJIM JIiHIiHE 30UTBIICHHS KalliTATbHUX a00 TPYJIOBUX pecyp-
CIB IPU3BOAHTSH JI0 HEIIHIHOTO 3MIHH PE3y]IbTaTy BUPOOHHIITBA.

BupoGHu4i QyHKIIT KOMIUIEKCHOrO 3MIHHOIO MaiOTh IPABO Ha ic-
HYBaHHS 1 3HAYHO PO3UIMPIOIOTH IHCTPYMEHTAJIbHY 0a3y JOCIHiTHHKA,
J@QI0YN HOBI PE3yJbTATH, HOCSITH SIKUX, 3aCTOCOBYIOYM BHPOOHHYI
¢byHKLIT AIHCHIX 3MIHHHX JTy>K€ CKIJIA/IHO.
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3ayBaxuMo, 10 maker nporpam Mathematica 8 TAKOXK MOJIeriye
BUKOPHCTAHHS AQHATITUYHHUX PILICHb JJIs1 BUBYCHHS 3B s3KIB MiXK elle-
MCHTaMU JH3aliHy 1 Jae UiHHY IHQOpMAILio mpo MOBE/IHKY CKJIaJ{HHX
CHCTEM YIpaBIIHHS B eKOHOMILI. 3 Oy/b-SIKOI TOYHICTIO YHCEI, aBTO-
MaTHYHUM BHOOpOM aiIrOpuTMy, 1 IEpEJOBOK Bisyalisali€ro,
Mathematica 8 i1eanbHO MIAXOAUTH Ui MOOYAOBU Ta aHANI3Y CUCTEM
YIPaBIiHHSI B €KOHOMIYHHX JTOCITI/DKCHHSX.
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BMJIMB AKOCTI NPOAYKLU]II, WO BUPOBNAETLCA
HA PO3BUTOK MAJIOIro nignPUEMCTBA

AHOTALIA. Po3pobneHo mogenb AvHamiku mManoro nignpyemcrsa y
OMcKpeTHoMy Yaci. Mogenb [03BOMsiE [OCHigKyBaTH BNIIMB HA pO3BU-
TOK NigNpUEMCTBa AKOCTI NPOAYKLT, WO BUPOONSETLCA Big SKkOi 3ane-
XWUTb piBEHb LiH Ha npoaykuilo nignpuemcrsa. Po3rnsHyTo Bunagku
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